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Some notes on some partial differential equations



1 First order PDE

Theorem 1.1. Existence and uniqueness of quasi-linear first order PDE. [Folland, ’95]
Suppose n € N, n > 1, § is a hypersurface of R", @ C R" is open, contains .S as a subset, A €
C'OxR,R"™) and ¢ € C'(O), such that if X, € T, R" is defined as

n ' .0
X, = g} Ao((ido, P(P)D) == ,

forall p € O, then X, € D(15zn)(p)(T,S) for all p € S. Then there is some open set Q C R” such that
S C Q C O and a unique solution, u € C'(Q), of

{D(v)(B)=O on QxR 12

u=d¢ on S.
Here,
v = uo P} _ i+l
B = Ao(P!"" uo P11
on QX R, D(v)(B) is a function as described in Deﬁnition and (id, ¢) and so on is a rectangular product

of functions as described in Definition [A.1l

Proof. Fix p € S and an adapted chart (U N S, @g) of (U, @), a chart of R", relative to .S with p € U.
Assume further U is chosen such that U C O and ¢, ¢ are bounded on U. Then there is some I C {1.n} of
size n — 1 such that

oU N S) = o) n (P1N) 7 (o)),

Now if j € {1.n} \ I, define a function y(x)(i) = x(i) if i # j, n, w(x)(§) = x(n) and y(x)(n) = x(j). Then
y is a diffeomorphism on R" and

w ((P{l.n}\l)—1 ({0})) —r!

Then (U NS, (wo @)g) is an adapted chart relative to .S and wo (U N.S) = wo pU) N R,
Lety =wogpand V = y(U)NR".
There exists J, open in R, containing 0 and a unique y € C}(V x J, R™!) such that

a%y:Aoy on VxJ
y=@"1¢on™") on ¥V x{0}.

by Theorem @ This initial condition, the condition on X , the fact that invertibility is an open condition
and the inverse function theorem implies the map

(1.3)

X = P{l'"}oy

is a diffeomorphism on an open subset W C V' X J containing V' X {0}. To note this, ifi € {l.n—1},v € V,
then

DX((U,O))(% >=P“~"}oD«n—1,(¢on—‘>)oP“-"—1})((u,0)><i,. )
rl, ort|,

= D' o(2 )
p
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by Theorem ??. Hence, by Theorem the range of Dx((v, 0)) restricted to T, R"!is DG sr)@NT,S),
which is a n — 1 dimensional vector space if n(p) = v.

Dx((v, 0))(()i )= P02 (0, 0))
rh or’

)= PUm o Dy((0, 0))( <%
P ort

p
= P o Aoy((v,0))

= P o Ao(n7 (), (1~ (v))).

Hence, by our condition on X ,, the range of Dx((v,0)) is T, R". Hence, since its domain is as well, it’s
invertible. The argument now follows from the inverse function theorem.
Define

u, = r"*loyox~! on x(W).

Then
B = Aoyox—loP{l.n}

and
U= rn+loyox—l°P{l.n} _ rn+1
on x(W) X R. Notice
0

Aoyw) = —

y(w) = Dy(w)(e,)

foralw e W.
Hence, for any (¢,1) € x(W) X R, if w = x~!(g), then, by the Chain rule

Du(B)(g,1) = (" oD(yox")(g)o P! — r*1) (Aoy(ww))
= r"*'o Dy(w)Dx ! (q)o P " (Dy(w)(e,)) — "' o Dy(w)(e,)
= "o Dy(w) D(x~"ox)(w)(e,)) — " o Dy(w)(e,)
= r"loDy(w)(e,) — "o Dy(w)(e,)
=0.

And if g € S N x(W), then n(q) € V x {0} € W. Hence, n(q) = x~'(¢) and y(x~1(q)) = (¢, $(q)).
Hence,

uy(q) = " ((x" (@) = Plg).

To prove uniqueness, suppose u solves on x(W). Then there exists W C V X J and a unique
h € CY(W,R") such that

%h = Pl"oAo(h,uoh) on W
h=n"! on W n@E) (o).

Then define j = (h, uoh). Then j € CH(W,R"),

%)7 = (P! o Aoy, Duo P o Aoy)
.
= (P! o Aoy, "o Aoy)

= Aoy



and if w € W n (")~1({0}), then 4~ (w) € S, so that

Fw) = (7' (w), uon™ (w)) = (1™ (w), o~ (w)).
Hence, by the uniqueness of y, j = yon W' N W .Hence, h = x and

u=r"ojox ! = u,

on x(W nW).
Now define 2, = x(W). By the above uniqueness argument, if ¢ € § as well, u, = u, on Q, N €.
Now, define
Q= U{Qp e PR | pe S}

Then Q is open in R” and contains S. Define, u on Q such that, for all p € S,
ulgp = u,.

Then u solves and is the unique such function on € which does so.

Example 1.4. [Folland, *95] There exists an open  C R" and a unique solution, u, of
0 0
u—w+—w=1 on Q.
arl( ) 0r2( )

with |
u=§x on {x=y}In{|lx+y <2}

Proof. Ify:x—y,thenVy=< _11 )andifA: < th >,thenon

x=yIn{lx+yl <2} =y'{OH N {Ix+y| <2},

Vy-A=%x—17éO

since —1 < x < 1.
A parameterization of y 1 ({0}) N {|x + y| < 2} is given by s — s(e; +e,) when —1 < s < 1. Let’s find
the characteristic curves of the system

-

Z,(s,t):( w(i’t) > it (s,0e(=1, xR

Sw, (s, =1 if  (s,0)e(=1,)xR
Z(s,0) = s(e; + €,) if —l1<s<l1
w(s,0)=%s if —l1<s<l

(compare with (??)).
We notice w(s,t) =1t + %s. So,

12,1
<x>=Z(s,t)=< St +2st+s>
y r+s
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Inverting Z (solving for s and #), we obtain

y* —2x
s =
y—2
and
fo2x—y)
y—2
Keeping in mind w = uoZ, we have
_ v +2x —4y
20y-2)
Define Q = {y < 2}. O

2 Auxiliary conditions and second order equations

Auxiliary conditions and second order equations

Usually, if there is a solution of a PDE, then there are many. In practice, a PDE is considered alongside an
auxiliary condition, as in Theorem ??. An auxiliary condition is usually referred to as an initial or boundary
condition, depending on the physics.

For instance, (I.2)), which is

a%(u) + ba%(u) +eu=f on Q
u = gox on y=0.

might be considered as an initial value problem if the y variable is treated as time, with gox the initial
condition. Many types of initial and boundary conditions are found in [Strauss, 92 pg 20-24], [Haberman,
04 pg 12-18], and [Haberman, 04 pg 139-141].

From [Strauss, *92 pg 25-26]. Auxiliary conditions are usually required for a problem to be well-posed.

Definition 2.1. A PDE together with some auxiliary conditions is said to be well-posed if
1. (existence) There is a solution of the PDE which satisfies the auxiliary conditions.
2. (uniqueness) There is at most one solution of the problem.

3. (stability) The solution depends continuously on the data of the problem (e.g., the coefficients of the
PDE, the auxiliary conditions, etc.)

We’ve noted (in Theorem ??) quasilinear first order PDE in two variables have unique solutions given
a reasonable auxiliary condition (depending on the PDE). In fact, in a certain sense, these problems are
well-posed. Compare exercise 4 in homework 2.
The equation
u., =0

on R" is an example of a second order PDE, since it nontrivially involves a second partial derivative of the
unknown function. A solution is given by xgoy+ hoy, where g and h are given functions of a single variable.
What auxiliary conditions grant existence and uniqueness? Compare exercise 5 in homework 2.



From [Strauss, *92 pg 25-26]. Stability is probably the least familiar of these conditions, and it requires
some formulation, depending on the notion of nearness of functions, which we will hopefully get to for
various PDE. For now, consider the following. An important example of a second order PDE is Laplace’s
equation in the plane, given by

Uy +uy, =0.

Consider the open set in the plane described by y > 0, called the upper-half plane, denoted by H. That is,
H={zeR"|yz) > 0}.

We say the boundary of the upper-half plane is given by y = 0, since for each z on y = 0, for any disk,
D, containing z, there are points w € D N H and points w € D N (R"\ H). The x-axis, y = 0, is denoted
by bdy H in this case. On H, for any positive integer n, a solution of Laplace’s equation is given by

u, = le_\/; sin onx sinh ony.
n
(Here u,, does not refer to partial differentiation of some function u with respect to n.)
Then
u,=0 on bdyH

n

and

iun = e Visinonx  on bdy H.
or?

We see, if z € bdy H, then
u,(z)=0-20

and
%un(z) —eVn sin(nx(z)) —» 0
R

as n — oo. But for any z € H, the limit of u,(z) is oo as n approaches co. So, stability is not guaranteed even
if existence and uniqueness are. (In this case, the size of the auxiliary condition does not control the size of
the solutions.)

Recall Laplace’s equation in the plane:

+u,, =0.

u Yy

XX

We introduce related second order equations, namely the wave and heat equations.
The 1-dimensional wave equation is given by

2 _
u, —cu, =0,

where c is a positive constant, known as the wave propagation speed. Refer to [Haberman, 04 pg 135-138],
[Strauss, '92 pg 20-24], or [Weinberger, *65 pg 1-8] for derivations. The 1-d wave equation is an equation
of two variables. The unknown is a function of x and ¢ (instead of y), and u,, denotes the second partial
derivative of u with respect to ¢. Physically, u represents the displacement of a vibrating string from the
horizontal.

The 1-dimensional heat equation is given by

u, —ku,, =0,

where k is a positive constant, known as a proportionality constant relating the specific heat, density, and
heat conductivity of the object. Refer to [Haberman, *04 pg 2-10], [Hancock, *06 pg 1-3], or [Strauss, *92 pg



20-24] for derivations. Physically, u represents the distribution of heat in a thin rod. This simplified model of
heat distribution also models the concentration of a substance in a pipe, so is also referred to as the diffusion
equation.

Laplace’s equation, the wave equation and the heat equation are all homogeneous linear second order
equations. Homogeneous linear PDE enjoy the superposition principle. That is, linear combinations of
solutions (over R) are also solutions.

From [Strauss, "92 pg 82-86]. We consider the wave and heat equation on the domain

0,))x(0,T) € R",

with some auxiliary conditions, where / and T" are both fixed positive constants.
In particular, suppose g and £ are functions on [0, /]. Consider

u, =c*u,, on (0,))x(0,T),
with the Dirichlet boundary conditions (u is prescribed at the boundary)
u@0,t)=0=u(l,t) on [0,T],

and the initial conditions
u(x,0)=g(x) on [0,/],
u,(x,0)=h(x) on [0,/].

That is, consider the problem

u, = c’u,, on (0,1)x(0,T)

u0,) =0=u(,t) on [0,T] 2.2)
u(x,0) = g(x) on [0,]]

u,(x,0) = h(x) on [0,1].

This problem is well-posed for most functions g and A. For us, this will not be clear until we discuss
Fourier series next week.

We make the ansatz (educated guess) to separate the variables of u. We consider u(x,t) = ¢(x)y(?),
where ¢ and y are functions of a single variable. That is, we consider a solution of the wave equation in
two variables which is the product of two functions in one variable. If we find many such solutions, we can
employ the superposition principle and hopefully construct a function which solves (2.2)).

It

_ .2
utt =c uxx

on (0,/) X (0,T) and
u(x, 1) = gy (1)
on [0, /] X [0,T], then
" (1) = "y () on (0,1) X (0,T), (2.3)

where ’ denotes differentiation with respect to one variable. If u # 0 as functions on (0, ) X (0, T'), then there
is some (xg,ty) € (0,7) X (0,T) such that ¢(x;) # 0 and y(z,) # 0.



_ _¢”(Xo) — ()
Let 4; = ) and A, = ot Then, from (2.3)),

W' (t) = —c?Ayw() on(0,T)
¢ (x) = =A¢p(x)  on(0,)

Hence,
P (1) = —c? Ayu(x, 1) on (0,1) X (0,T)
2P () (t) = —c?Au(x,t)  on (0,1)x (0,T)

The left hand side of these equations are equal on this rectangle from (2.3). Hence,
A= u=0

on (0,7) X (0,T). Since ¢ > 0 and u is not identically zero,

Denote this quantity by A. To conclude, if u(x,t) = ¢(x)w () is a solution of the 1-d wave equation, then
necessarily

v (1) = —c2Ap(t) on(0,T)
¢"(x) = =Ag(x)  on(0,])

for some constant A.

Proposition 2.4. If u(x, ) = ¢(x)w(t) is a nonzero solution of (2.2)), then 4 > 0.

Proof. The initial conditions u(0,¢) = u(/,t) = 0 on [0, T] imply ¢(0) = ¢(l) = 0. Otherwise, u is
identically zero.

If A = 0, then ¢’ = 0, from which ¢ = ax+b for some a, b € R on (0, ) follows. Since ¢(0) = ¢(I) = 0,
it follows ¢ = 0 on [0, /]. Then u is identically zero, which is a contradiction.

If A <0, then ¢"" = —A¢ implies ¢(x) = acosh(yx) + bsinh(yx) for some a,b € R. Here, y = \/—A.
Since sinh(0) = 0 and cosh(0) = 1, ¢(0) = 0 implies a = 0. Since sinh(y!) > 0, ¢(/) = 0 implies b = 0.
Then, again, ¢ = 0 on [0, /], which implies u = 0 on [0, /] X [0, T'], a contradiction. By trichotomy, 4 > 0.

|
Recall the 1-d wave equation u,, = c?u,, on (0, 1) X (0, T), together with the spatial Dirichlet boundary
condition u(0,¢) = 0 = u(l, t) on [0, T'], reduces to a pair of ODE with auxiliary conditions:

v'(t) = —c?Aw(@) on(0,T)
¢"(x) =—Ap(x)  on(0,])
$0)=¢() =0

for some constant A > 0, if u(x, ) = ¢p(x)w(f). Since A > 0, A = p? for some f € R. Then there are some
D, q € R such that
@(x) = pcos(fx) + g sin(fx)



and some a, b € R such that
w(t) = acos(cPt) + bsin(cft).

Now we again employ the boundary condition ¢(0) = ¢(/) = 0 to conclude p = 0. If u is not identically
zero, q # 0, so that

for some integer n, since g sin(/) = 0.
u(x,t) = (acos (c%t) + bsin (cgt» sin (%x) _

2
Algebraically, we can say the set of eigenvalues of the operator —%, restricted to say functions whose
second derivative is continuous on (0, /) and which satisfy the homogeneous Dirichlet boundary condition,

is the countable set
nr\?
[(=)erinez).

{—qb"(x) = Jp(x) on(0,])

Hence,

That is, if

$0)=¢() =0

for some ¢, then
nm\?
Ae{<7> eR|neZ}.

Recall we wish to solve the problem

Uy, = cu,, on (0,))x(0,T)
w@0,t)=0=u(l,t) on [0,T]
u(x,0) = g(x) on [0,]]
u,(x,0) = h(x) on [0,]].

We’ve shown if n > 0 is an integer, a,, b, € R, then

n>=n
u,(x,1) = (an cos (6%0 + b, sin (c%t)) sin (%x)

satisfies the first two lines of the above problem. (From the parity of cos and sin, n < 0 is redundant, since
a,, b, are arbitrary.)

Now we employ the superposition principle (finite linear combinations of solutions are solutions) of the
wave equation to conclude if n is a positive integer and a,.a,,, b;.b, € R, then

n . ) )
u(x,t) = ; <aj cos (cJT”t> + b, sin <c%t>) sin <JTﬂx>

u, = c’u,, on  (0,1)x (—co, o)
u0,t)=0=u(l,t) on (—oco0,00)

solves

10



So that, if
n .
. JT
g(x) = Z a; sin <Tx> (2.5)

and

h(x) = ¢ Z —b sin ( > (2.6)

u(x,t) = Z <aj cos <cJTﬂt> + b, sin <C‘JT”1>) sin <JTﬂx>

then

j=1
is a solution of
u, = cu,, on (0,]) X (—o0, c0)
u0,)=0=u(,t) on (—o0,0)
u(x,0) = g(x) on [0,1]
u,(x,0) = h(x) on [0,]].

Most functions of a single variable do not resemble functions given by (2.5)) and (2.6). However, there
is a very large class of functions which can be written as series

gx) = i a, sin (%x)
n=1

and
o0

hx) = ¢ ), b, sin (”T”x)

n=1

So, if we consider the series

(o)
u(x,t) = Z <an cos <cn7ﬂt> + b, sin <cn7”t>> sin <n7nx> ,

and assume u converges and can be differentiated term by term, then u is a solution of the 1-d wave equation
on a rectangle with homogeneous Dirichlet boundary conditions and some very general initial conditions.

Example 2.7. Consider the problem

u, = cu,, on  (0,1) X (=00, 00)
u0,H)=0=u(,1) on (—o0,00)
o .2 (2.8)
u(x,0) = s1n(7x) -2 s1n(7x) on [0,!]
u,(x,0) = sin(%x) on [0,1].

We look for a solution of the form
(o]
nrw . nmw . (nmw
u(x, 1) ,,=El <a cos (c ] ) sin ( ¢ ; sin ] X

for some sequences {a,}, {b,}.

11



Whent =0,

and

c 21 %bn sin (%x) = u,(x,0) = sin (%x)

n=

sothatifa; =1,a, =-2anda,=01if n > 2, and if b, =ébn=01fn> 1, then

u(x,t) = (cos (c£t> + L sin <c£t>> sin <£x>
/ cr [ /
2 . (27
—2cos (cTt) sin <Tx)

is a solution of (2.8).

2.1 Heat equation on a rectangle with Dirichlet boundary conditions

The heat equation on (0,/) X (0,T) with homogeneous Dirichlet boundary conditions can be solved in the
same way. If u is a solution of

u, = ku,, on  (0,1)x(0,T)
w0,0)=0=u(l,r) on [0,T],

u(x,t) = p(x)y(t), and if u is not identically zero, then

w'(1) = —kAw(t) on(0,T)
¢"(x) = —A¢p(x) on(0,1)
P(0) = (1) =0

for some positive A.
Notice the problem

@"(x) = —Ap(x) on(0,])
$0) =) =0
is exactly the same as the spatial problem for the separated wave equation, which is why we conclude A =

2
<%> for some positive integer n. Then a solution of w/(r) = —kAw(¥) is

w(t) = qe— Ko/

ifa e R.
So, if g(x) = Y% a,sin (?x) then

(o]
u= 2 ane_k(””/l)z’ sin <n7ﬂx>

n=1

12



is a solution of the 1-d heat equation with spatial Dirichlet boundary condition and initial condition

u, = ku,, on (0,1) % (0, c0)
u,t)=0=u(l,t) on [0, 0] (2.9)
u(x,0) = g(x) on [0,/]
provided of course u has nice convergence and differentiation properties.
Example 2.10. Consider the problem
u, = ku,, on (0,1)x(0,T)
u0,)=0=u(l,t) on [0,T] (2.11)

u(x,0) = cos(zx) on [0,1]

Again we look for solutions of the form

(o]
u= Z ane_k(””)zt sin (nzrx)
n=1
for some sequence {a,}.
Then
(o)
Z a, sin (nzx) = u(x, 0) = cos(xx).
n=1

How do we solve for a,? We make the following observations.

b 2 if nis even
sin(nzx) cos(zx)dx = { *=1
0 0

if n is odd
and
1 1.
. . = ifn=m
/ sin(nzx) sin(mrx)dx = < 2
0 0 ifn#m
Therefore,
4n . .
g, = 4 e if nis even
0 if n is odd
if we can integrate ZZ": | @, Sin (nzrx) term by term.
So,
S 8n —k@nr)t
u= —e sin (2nxx
,; x(4n? —1) ( )
is a solution of (2.11).

13



2.2 Wave and heat equations on a rectangle with Neumann boundary conditions

Wave and heat equations on a rectangle with Neumann boundary conditions Let us again consider the wave
equation

u, = cu,, on (0,/)x(0,T)
9 —0=2
07(”)(0’ Hn=0= = w)(l,t) on [0,T] 2.12)
u(x,0) = g(x) on [0,!]
u,(x,0) = h(x) on [0,1].

but this time with Neumann spatial boundary conditions (prescribed spatial velocity at the endpoints). This
means the endpoints of the string is allowed to move in the vertical direction over time, but its displacement is
always horizontal there. Refer to [Haberman, 04 pg 139-141] for some more physically motivated boundary
conditions.

If u(x, t) = ¢p(x)y(¢) is nonzero, then, ¢ is nonzero and, just as in the Dirichlet case, it follows

v (1) = =c2Awp(t) on(0,T)
¢"(x)=—Ap(x)  on(0,))
P'0)=¢'()=0

for some 4, possibly complex.

Proposition 2.13.
nrw 2 . . .
AE (T) | nis a nonnegative integer p .

Proof:
If A is complex and nonzero, let y # 0 be one of the square roots of —A. then

P(x) = Ce?"™ + De™"*

for some constants C, D, not both zero. Then ¢’(x) = yCe?’* — yDe™"*. Since ¢'(0) = 0, 0 = y(C — D).
Therefore, either y =0 or C = D.

Since 4 # 0, then since C = D and C # 0, ¢'(I) = 0 implies 1 = 7. Hence, 2y = 2nzi for some
nonzero n € Z, as seen by Euler’s formula: e = cos(0) + i sin(@), where i is the imaginary unit such that

i2 = —1. Hence,
2
A= —y?= (”—”) .
4 I

If 2 =0, then ¢(x) = Cx + D for some C, D not both zero. Then the boundary conditions imply C = 0,
but D can be arbitrarily nonzero. Hence, A = 0 is also an eigenvalue of this problem.

What are the eigenvectors of

¢"(x) = —i¢(x)  on(0,))
¢'(0) = ¢'(1) = 0?

14



Suppose A # 0, then 4 > 0, so that
@(x) = C cos(fix) + D sin(fix)

for some real C, D, with § = ﬂ > 0.

¢'(x) = —Cpsin(fx) + DB cos(fx). Then 0 = ¢'(0) = DB. So, D = 0. Hence, ¢p(x) = C cos(fx) for
some nonzero C.

If 2 =0, we’ve established ¢p(x) = D for some nonzero D.

2
Hence, an eigenvector associated with <%> is

if n # 0 and

ifn=0.
Since the problem
"0 = Ay ()
does not have any boundary conditions, again as in the Dirichlet case, we have
w(t) = acos (%t) + bsin (%t)
for some real a, b if n > 0 and, in this case,
w(@)=at+b

ifn=0.
We are still trying to solve the problem (2.12):

U, = czuxx on (0,))x(0,T)
Zw(©0,0=0= 2w on [0,T]

u(x,0) = g(x) on [0,/]

u,(x,0) = h(x) on [0,1].

We again follow Fourier and form the cosine series

u(x,t) = %a0+%b0t+

< nw . nrw nu
Z (an cos (cTt> + b, sin <c7t)> Ccos (Tx> .

n=1

Then u is a solution of (2.12)) provided
1 (o)
glx) = an + ,; a, cos (nTﬂx>
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and

1 < nr nmw
h(x) = Ebo +c ,,2:; Tb" Ccos <Tx)

If the boundary conditions are mixed, say

0
u(0,1) = ﬁ(u)(l, =0,
then

and a corresponding eigenvector is

This is part of what you want to show in your second homework assignment.
Similarly, the solution of

u, = ku,, on (0,1)x(0,T)
%(u)(o, H=0= %(u)(l, ) on [0,T] (2.14)
u(x,0) = g(x) on [0,1]

is
o0
1 —k(nz /D%t <n7f )
U= —ayg+ a,e cos|—x),
270 ; " I

provided g(x) = Y. | a, cos (%x), and u and g are nice enough.

Here’re some problems from your next homework. c.f. [Strauss, 92 pg 108].

h nrw . (mrx L iftn=m
sm(—x) sm(—x) dx =<2
0 ) ) 0 ifn#m.

to find the Fourier sine series of % on [0, /]. That is, find a, for which

(o)
r? = 2 a, sin (nTﬂx>

n=1

1. Use the fact

on [0, ].

2. Use a similar fact to find the Fourier cosine series of % on [0, [].

16



2.3 Periodic Boundary Conditions

We may also consider periodic boundary conditions. Here’s another problem from your next homework.

From [Strauss, *92 pg 27]. 4.2.3. Consider diffusion inside an enclosed circular tube. Let its length
(circumference) be 2/. Let x denote the arc length parameter where —/ < x < /. Then the concentration of
the diffusing substance satisfies

u,=ku, for —1<x<lI

0 0
u(—lL,t)=u(l,t) and F(u)(—l, 1) = ﬁ(u)(l, 1).

These are called periodic boundary conditions.

1. Show the eigenvalues are

forn=0,1,2,3,...
2. Show the concentration is
u(x,t) = la + i (a cos (n—”x> + b, sin (n—”x>> e_k<¥>2t
’ 5% ~ n ] n ]
Example 2.15. For example, suppose we want to find u for which
for -1 <x<I

u, = ku,,

u(—1,t) =u(l,1), %(u)(—l,t) = %(u)(l, 1)

with
F(x) = ulx,0) = 1 + cos (%x) + sin (%x) .

If we can find sequences {a, }:°=0 and {b, };’l":] such that

Flx) = %ao + i <an cos (%x) + b, sin (”T”x)) (2.16)
n=1

and if we define
1 s nr nr —k("—")zz
u=§a0+r§(ancos<7x>+bnsin<7x>)e !

then u is a solution of the problem in example [2.15]
Orthogonality of sin and cos We again make some observations. Let m and n be integers. Then

/l . (nx mr
sin (—x) coS (—x) =0.
- I I

17



In particular,

And

/l. nr \ . (mzx I ifn=m#0
sm(—x) sm(—x) dx = ]

_ ) ) 0 ifn#m

/’ na I ifn=m#0
cos(—x)cos(—x)dxz .

_ / 0 ifn#m.

Also,

To solve this problem with periodic boundary, we assume we can integrate term-by-term.

We notice, since sin (%x) is an odd function in x and cos (%x) is even in x for any integer n,

1
/ sin (£x> cos <@x> dx =0.
_l 21 [

If we integrate (2.16) from —/ to /, then we notice a; = 2, since

! ! !
2l = / dx = / f(x)dx = / laodx = qyl
~ -1 12

. nr . .
If we multiply (2.16) by cos <Tx> and integrate from —/ to /, we obtain
al = 1

and
a =0

n

i
I = Zx)dx=al
/_lf(x)cos(lx> X =a

0= /l F(x) cos (”—”x) dx =a,l
y ;

if n > 1, since

and

ifn>1.
Finally, we note

I
. V4 . (nrx 21 1 1

” ne dx = (=1 n+1< + >

/_,Sm(zlx>sm< I x) =V Tt

after use of the identity 2 sin(f) sin(¢) = cos(8 — @) — cos(8 + @) (product-to-sum). Hence,

/_zl f@x)sin <%x> dx = %(_l)m <2n1— 1t 2n1+ 1)

18




This implies

2 1 1
b=__1n+1< )
" Jr( ) 2n—1+2n+1

Then

u=1+ (cos <%x) + iSin (%x)) e_k(il'r) !

3z

2 - 1 1 k("”)z
_=z 1) o AT —K\T)!
ﬂz( D <2n—1+2n+1>sm< I x>e

on (0,1)x(0,T).

3 Fourier Series

Fourier Series
In the previous example we discovered the sequences {a,, };’;o and {b, };’l":l are

1 : nrw
a, = 7[1 f(x)cos(Tx> dx

1 : . (nrx
b= 7 /_l F(x) sm(Tx) dx

provided f(x) = %ao + Z;’;l <an cos (%x) + b, sin <%x>) Refer to [Strauss, *92 pg 103-107].
The following is from [Strauss, ’92 pg 112-113]. Recall in Exercise[I] you are asked to show if

and

P"(x) =-ip(x)
o= =¢0)
(=) =¢'O),

i-(2)

then

3.1

(3.2)

3.3)

for some integer n. Then in Exercise[2]you are asked to show a basis of the vector space (over R) of solutions

of 3.3)is
fon(255) (252}

2
if 4= (7”> £ 0 and

—N
N =
——

if1=0.

The hope is we can write many functions as series of such functions, as in the above example with f.

Now suppose f is any real-valued function defined on (—/, /), By using Euler’s formula,

e'% = cos() + i sin(0),
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2
if n € Z, then ¢"*/! is an (complex) eigenvector (eigenfunction) of —d?/dr* with eigenvalue <%> CIf
n# 0, e? and e7" are linearly independent over R. Therefore, we may write

-1 3]

o0
f(x) = Z cneinnx/l_l_zcneimrx/l — Z Cneimrx/l

n=—oo n=0 n=—oo0

formally for some c,,.
Notice if n # m (in particular if they have different signs), then

)
/ emﬂ:x/le—tmﬂ:x/ldx
-1

I
=/ ei]rx(n—m)/ldx
-1

— l (ei(n—m)iz' _ ei(m—n)zr)

in(n —m)
= L (i 1y
in(n—m)
=0
since cos((n — m)x) = (—1)""™ and (-1)""" = (—=1)"".
If n = m, then
I I
/ eimrx/le—imrx/ldx — / dx = 2I.
- -l
Finally, if
f(x) - 2 cneinﬂ'x/l’
n=—oo0
then

I
¢, = %/—1 Fx)e ™/ g x.

The right hand side of f(x) above is called the full Fourier series of f on (—/, ) with complex coefficients
c, above.

In your next homework, you’re asked to find the full Fourier series of e*, cosh x, sinx and |x|. These
are from [Strauss, 92 pg 114]. Also from the same page, you're asked to show f is real-valued if and only
if its complex Fourier coefficients satisfy ¢, = c_,. In fact, here’s a conjecture. Solutions of (3.3)) are real if
its boundary conditions are real.

Here’s an example.

Example 3.4. Let’s compute the full Fourier series of f(x) = x on (-1, 1). We have

1
¢, = l/ xe "X dx
2 /-

(_1)n+1
T inm

if n # 0. Integration by parts yields

n
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Then c, e + ¢_,e~i"™ = 2 gin(nrx). If n = 0, then ¢, = 0. Hence, the full Fourier series of x on

(—=1,1) s "

o0
2 (_ 1)n+l )
- ; " sin(nzx).

If it’s true that

o) o (_1)n+1 .
x=- sin(nrx),
T
n=1
then
r_w (=D
4 ;O 2n+1

Notice if n # m (in particular if they have different signs), then

!
/ etmrx/le—tmzrx/ldx
=1

!
=/ ei;rx(n—m)/ldx
-1

— l (ei(n—m)ir _ ei(m—n)zr)
ir(n —m)
/ _ -
= m((—l)" "= (="
=0
since cos((n — m)x) = (—1)""™ and (—1)"™" = (=1)"".
If n = m, then
! !
/ einﬂx/le—inn:x/ldx — / dx = 2I.
- -1
Finally, if
f(x) = Z cneimrx/l,
then

i
¢, = 2%/_1 f(x)e™ /g,

The right hand side of f(x) above is called the full Fourier series of f on (—/, /) with complex coefficients
¢, above.
Here’s an example.

Example 3.5. Let’s compute the full Fourier series of f(x) = x on (-1, 1). We have

1
¢, = l/ xe "X x
2/

(_1)n+1
T inm

if n # 0. Integration by parts yields

n
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Then c, e + ¢_,e~i"™ = 2 gin(nrx). If n = 0, then ¢, = 0. Hence, the full Fourier series of x on

(—=1,1) s "

o0
2 (_ 1)n+l )
- ; " sin(nzx).

If it’s true that

o0
B 2 (_1)n+1 )
x = p ; " sin(nzx)

point-wise on (—1, 1), then

z_w D"
4 _r§)Zn+1'

3.1 General Fourier Series and square integrable functions

General Fourier Series and square integrable functions From [Strauss, *92 pg 114-118]. We now consider
the closed interval [a, b] if a < b. We’ll write fa b fdx instead of fab f(x)dx whenever the context is clear.
We say a complex-valued function f is square-integrable on [a, b] if

b
/ |/ (0)|?dx < .

Here | f(x)|?> = f(x) - f(x) denotes the norm of f(x) as a complex number, and the line over f(x) means
the complex conjugate of f(x): z = re @ if z = re® and r, 0 € R.

e We denote the space of complex-valued square-integrable functions on [a, b] by

L?*[a, b].

e L?[a,b]is a vector space over C with pointwise addition and scalar multiplication.

e We’ll also refer to C%(a, b), the space of complex-valued functions whose second derivative is contin-
uous on (a, b).

e The map, B, sending f and g in L?[a, b] to

b —
B(f.g) = / S (x)g(x)dx

sends L?[a, b] X L*[a, b] into R.
e The above map is a complex inner product, different from the real dot product defined in lecture 1.

e Then there’s a norm induced by the inner product above given by

b 3
171 = ( / |f<x>|2dx> — VBU.J)
for all f € L?[a, b].
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e Given a sequence of functions { fn};'l"=1 in L?[a, b], we say
f,— fin L?[a,bl asn — o
(f, converges to f in the L? norm) if the sequence of real numbers || f,, — f|| = 0 as n — 0.

As an aside, the Lebesgue integral rather than the Riemann integral gives us the most generality. Also,
B technically isn’t an inner product unless we consider either continuous functions or equivalence classes of
functions which agree almost everywhere, which is what L?[a, b] is usually defined to be anyway.

Consider the linear operator A = —d?/dr? acting on complex-valued functions defined on (a, b) with
continuous second derivatives there. Unless otherwise stated, any eigenvector, ¢, of A satisfies either the
Dirichlet, Nuemann, or periodic boundary conditions on (a, b).

1. Dirichlet: p(a) =0 = @(b).
2. Nuemann: ¢’(a) = 0 = ¢/(b).
3. periodic: ¢(a) = @(b) and ¢'(a) = ¢'(b).

Suppose @, v are eigenvectors of A with corresponding eigenvalues A, u, respectively. Integration by
parts and the boundary conditions yield

B(A @,v) — B(p,Av) =0.

Then
(A=) B(p,v) = 0.

So, if 4 and yu are distinct eigenvalues, then ¢ and v are orthogonal.

If two eigenvectors with the same eigenvalue are not orthogonal, we can make them orthogonal via the
Gram-Schmidt process.

Theorem 3.6. 1. The eigenvalues of A are nonnegative and form an increasing unbounded sequence.
2. If f € L?[a,b], @, are all the eigenvectors of A and are pairwise orthogonal, ¢, = % and

N
SN = anl Ch P> then
Sy = fin L?[a,b] as N — .

We’ll try to prove Theorem [3.6) when
e b#0anda=-b=-I

o fEC=LD, f(=D) = f()and f'(=1) = f(D).

o @, (x) = e/ on (=1, 1) for any integer n.

1. This is one of your homework problems and we note again the eigenvalue corresponding to @, and
@_,1s
2
nw
=7
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2. We denote the remainder by

ry=f—Sy.

It can be shown i
Iyl

NS ——

Irn 12

[Strauss, 92 pg 286 and 288]. We also have, from integration by parts, the boundary conditions and orthog-
onality,

N N N
I I =112 = Y. &GB! 0l) = ). ¢, B@), [+ ). c.enB(@), @]
n=1 n=1 n=1

N N N
=11 = D 4GB @) = D An € B(@y 1)+ D Al Pl o, I
n=1 n=1 n=1

Now, since 4, = 4,, ¢, = % and B(g,, f) = B(f, @,), it follows

N
2 2 2 2
I = 017 = Ay lealPll o, 112
n=1

This, together with

I 11
N = 7 .5°
w2
implies
> IR
ryll? < =—.
Iyl < =
From 1, we have the result. This is from [Strauss, *92 pg 296].
17 112
NS ——
Il lI?
follows from the facts 1
. Jlw

w' (1) = w' (=), w € CX(~1,1), Bw, p,) = 0if n < N’}

and
B(ry,,) =0ifn < N.

We discuss further the L? theory of Fourier series. This is from [Strauss, *92 pg 126-129]. Recall ¢, =
Bn) b —
TE5 with B(f.g) = [, f(x)g(0dx and | £]| = V/B(f, f). Also, Sy = T ¢, @, and ry = f = Sy.

l @, II?
Then

N

0< lIrnll> = 1£12 =D el @, 112

n=0
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: /112
in the same way we computed || [|*. Then

N

2 2 2
D ello, I <11

n=0

The left hand side of the last equation is an increasing sequence in N and is bounded if f € L?[a, b).
Hence, if f € L?[a, b], we have Bessel’s inequality:

0 b b
Y [ loooraxs [ s
n=0 a a

Then since .Sy converges to f in L? if and only if ||ry||> = 0 as N — 0, it follows .S, converges to f

in L? if and only if
0 b b
Y [loerax= [ irerax
n=0 a a

This equation is know as Parseval’s equality. From the theorem we attempted to prove last time, Par-
seval’s equality is true for all f € L?[a, b, as long as the eigenvectors are from the Dirichlet, Neumann or
periodic boundary value problems.

As an example, the Dirichlet problem on (0, ) has eigenvectors sin(nx) and the Fourier series of 1 on

this interval is
4
2 — sin(nx).
nodd hx

Certainly 1 € L?[0, z], so that Parseval’s equality asserts

2 (%)2/0” sinz(nx)dx = [}z 1%dx.

nodd
Then
% () 5=
odg /2
Hence,
ZL_ﬁ
it 8

Recall we said f, — f in L?[a, bl if || f,— fIl = O as n — co, with || f, — f||I> = /ab | £, (x) — f(x)|>dx.

Other forms of convergence. From [Struass, *92 pg 120-125]

We now discuss other forms of convergence. We say a sequence of functions f,,, defined on (a, b) con-
verges pointwise to f on (a, b) if, for each x € (a, b),

|f(x) = f,(x)| > 0as n — .
We say f, converges uniformly to f on [a, b] if

max |f(x) — f,(x)] > 0asn — .
a<x<b
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It should be clear that uniform convergence implies pointwise convergence. In your homework, you're
asked to show uniform convergence implies L?> convergence. Thus, uniform convergence is stronger than
pointwise and L? convergence. Below we show it’s strictly stronger than both notions of convergence.

For example, if f,(x) =1 —x" on [0, 1], then f, converges pointwise to f(x) = 1 on (0, 1). However, it
does not converge uniformly to f on [0, 1], since | f(x) — f,(x)| = x" and | f(1) — f,(1)| = 1.

But /01 xMdx = ﬁ, so that £, — f in L?[0,1].
These next two examples are from https://web.math.ucsb.edu/ grigoryan/124B/lecs/lec5.pdf

For example, if f,(x) = nif0 < x < l and f,(x) =0 if% < x < 1and fy(x) = 0on [0,1], then £, — 0
pointwise on (0, 1).

However, /01 (f,(x)?dx = n*> —» 0o as n — 0. So, f, does not converge to 0 in L2[0, 1].
For example, if f,(x) = (=1)"if x = % and f,(x) =0if x € [0, 1]\ {%}, with fy(x) = 0on [0, 1], then

does not convergence pointwise to any function on (0, 1), since l) does not converge to any number.
n J4 P y n\3 24 y

However, /01 (fn(x))2dx = 0 for all n, so that f, — Oin L?[0,1].

These two examples show L? and pointwise convergence are neither stronger nor weaker than the other.
However, it can be shown if £, are continuous and f, — f in L2, then f, — f pointwise.

Now we state some convergence theorems. Again A is the operator —d?/dr? on the problem space of
Dirichlet, Neumann, or periodic boundary conditions on [a, b]. We’ve established its eigenvalues there form
a nonnegative, increasing, unbounded sequence, A,. If @, is an eigenvector associated to 4,, f is a function

B(/.0,) . . . N
” (i "(’ﬁz ,then Y. ¢, @, is called the Fourier series of f on [a,b]. Set Sy =Y " ¢, @,

We’ve attempted to prove

on[a,bland c, =

Theorem 3.7. If f € L?[a, b], then S converges to f in L?[a, b].

As a remark, our ’proof” relied on the assumption f € C?(a, b). In fact, it can be shown C?(a, b) is dense
in L2[a, b), meaning every function in L%[a, b] has a sequence in C?(a, b) which converges to it in L*[a,b].

We state the pointwise convergence theorem, whose proof can be found in [Struass, *92 pg 132-135]. A
function, f, is called piecewise continuous on [a, b] if its one-sided limits, f(x+) and f(x—) exist at every
point x € [a, b].

Theorem 3.8. If f and f’ are piecewise continuous on [a, b], then .S (x) converges to % (fx+)+ f(x—))
for all x € (a, b).

The endpoints are a more delicate matter. For example, on [/, /], consider the periodic extension of
It fper(x) = f(x = 2Im) on (=1 + 2Im, [ + 2Im) for all integers m. In general, S per is discontinuous at the
endpoints of (—/+2Im, [ +2Im). Then Fourier’s Theorem ([Haberman, 08 pg 92]) states (with the conditions
in the theorem), the Fourier series converges pointwise to

2 (Fprb) + Frr(30)

on [—1,1].
We also list
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Theorem 3.9. If f € C*(a,b), f, f', f" are continuous on [a, b], and f satisfies the boundary conditions
that the ¢,, do, then .Sy, converges uniformly to f on [a, b].

A proof of this theorem can be found in [Strauss, 92 pg 135-136].
To finish our discussion of Fourier series, we list some theorems discussing the term-by-term differenti-
ation and integration of them.

Theorem 3.10. From [Haberman, *08 pg 118]. If f(—=I) = f(I), f is continuous, and f’ is piecewise
continuous, then the Fourier series can be differentiated term-by-term. The resultant series is the Fourier
series of f”.

Here’s a nonexample. Recall the Fourier series of x on (—1,1) is

2 o (_1)n+l .
- ,; sin(nzx).

n

From the pointwise convergence theorem, we know

X qynt+l
x = 2 Z =D sin(nzx)
n=1

T n

if x € (=1, 1). Let’s differentiate the right hand side term-by-term:

2 z:(—l)”+l cos(nmx).
n=1

This is certainly not 1 since the Fourier series of 1 on (-1, 1) is just 1 itself.

Theorem 3.11. From [Haberman, 08 pg 127]. If f and f’ are piecewise continuous on [—/, ], then the
Fourier series can be integrated term-by-term. The resultant series converges to the integral of f on [—/,/].

The proof can be found in [Haberman, 08 pg 129-130].

4 Laplace’s Equation

From Strauss section 6.1. Instead of studying the wave and heat equation in higher spatial dimensions, we
first study the stationary case in higher spatial dimensions: Laplace’s and Poisson’s equation. The stationary
case in one spatial dimension is boring and we’ve solved it extensively: if u, = 0 or u,, = 0, then in one
spatial dimension, u,, = 0.

We’ve mentioned Laplace’s equation in two dimensions:

xx Ty, =0.

In three dimensions, it’s
Upy +uy, +u,, =0.

If you wish, the Laplace operator, sending u to u,, + u,,, + u_, is the trace of the Hessian operator, which is
the matrix of second partials. We’ll use the notation Au = u,, +u,,+u,, or Au = u,, +u,,. The context will
be clear which dimension we are considering. The operator A is called the Laplacian or Laplace operator.
Other than being the trace of the Hessian, it’s also the divergence of the gradient. Recall the gradient of u
is the row vector Vu = (%(u), a%(u)). The divergence of a vector field (a, b) is defined as the function
V-(a,b)=a, +by.
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e A solution to Laplace’s equation Au = 0 is called harmonic.
e Harmonic functions are stationary solutions of the wave and heat equations.

e The real and imaginary parts of complex analytic functions are necessarily harmonic, as shown from
the Cauchy-Riemann equations.

By the Laplacian in three dimensions, we mean the operator on real-valued functions defined on a subset
of R3, the set of all ordered triples of real numbers. We describe the canonical basis e, e,, e; in a similar
way with coordinates as in R", along with the dot product, the norm, the coordinate functions, open disks,
open sets, limits, continuity, and partial derivatives. In particular, an open set, D C R? is a set which is the
union of open disks

B@)={yeR’||y—z|<r}

and its boundary, bdy D, is the set of all points such that every open disk centered at a point there contains
points in D and points in R*\ D.

e Poisson’s equation is just the inhomogeneous version of Laplace’s equation: Au = f with f a
prescribed function.

e We can ask about solutions of either of the boundary value problems
Au=f onD

u=nh on bdy D

or
Au=f on D

in =h on bdy D,
ou

Again called the Dirichlet or Neumann problems.

Here, %n is a certain directional derivative of u: %n = Vu - n, with n a choice of unit normal of bdy D.
We just remark here if bdy D is described by say a level set y(z) = 0 with Vy never zero, then a choice of

unit normal is
_Vr

n= .
IVyl
Recall and compare the statement of the existence and uniqueness of solutions of quasilinear first order pde
in two variables. Somewhat unlike that result, the geometry of D (of bdy D) greatly affects the solvability
of Poisson’s boundary value problems. It becomes difficult to say anything in full generality.

Theorem 4.1. The Weak Maximum Principle. Let D be a bounded open set. Let u be a harmonic function
in D which is continuous on D = D U bdy D. Then the maximum and minimum of # on D occur on bdy D.

Proof:

This result is related to the second derivative test. If a maximum of u occurs in D, then Au < 0 there.
Suppose u is harmonic in D. Fix £ > 0. If we define v(z) = u(z) + € |z|*> on D, then, since A|z|? is constant
and positive,

Av=0+¢eAlz]*>>0
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on D. Therefore, v does not attain a local maximum in D.

It can be proved D is closed, meaning it’s the complement of an open set, and continuous functions on
a closed and bounded set attain their global extrema there (extreme value theorem). Since u is continuous
on D, 5o is v, 50 its global maximum occurs at some point z, € bdy D. Since D is bounded, there is some
R > 0 such that D C Br(0), so that, for all z € D,

u(z) < v(z) < v(zy) = u(zg) + € |zo|2 < max u +e R
y

Since € > 0 is arbitrary,

u(z) < max u
bdy D

forall z € D.
If we consider u(z) — € |z|* then we obtain a similar result about the minimum of u.

The weak maximum principle is strong enough to allow us to infer the uniqueness of Poisson’s Dirichlet
problem.

Theorem 4.2. If D is open, and bounded, f and A are prescribed functions, then there is at most one solution,
u, of
Au=f onD

u=nh on bdy D,

continuous on D.

Proof: If u and v are two such solutions of the above problem and w = u — v, then Aw = 0 (w is
harmonic), w = 0 on bdy D, and w is continuous on D. By the weak maximum principle, for all z € D,

0=min w < w(z) < max w = 0.
bdy D bdy D

4.1 Fundamental solution

It can be shown, if T is an affine translation of R"”: T'(x) = x+y, or R is arotation: R is linearand RT R = I,
with I the identity matrix and R” the transpose of R, then the Laplacian is invariant under T and R. Meaning
A(uoR) = AuoR. In the plane, in R”, if x = rcos 8 and y = r sin 6, then by the chain rule

19, 104,

_ 02
A _r+r0r r2 92

=
We search for radial harmonic functions: u = uo R for all rotations R. Since if u is radial, then A(uoR) =
Au. If u is radial in the plane, then u(r, @) = u(r), so that if u is harmonic and radial, then

0 , 10
A )
02ur raur

We can integrate
' =-1/r

twice or notice (ru,), = 0. This has the solution

u=a+ blog(r)
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with a,b € R and is called the fundamental solution of the Laplacian in R". a + blog(r) is harmonic on

R*\{0}.
In space, in R3, if
Xx =rsin¢cosb,

y =rsin¢sinf

and
Z =rcos ¢,
(spherical coordinates) then
A=%r2+ggr+2% aa 0] 12 %92
0 ro r smd)asm¢5¢ r2sin” ¢ 0
Again, if u is harmonic and radial, then
0 » 290
—r°+=—r=0.
0%u r Ou
Then we may integrate
ull/ul —
twice or notice (7%u,), = 0 to obtain
u=ar ' +b

called the fundamental solution of the Laplacian in R> .

4.2 Poisson’s Formula

Poisson’s Formula From [Strauss, *92 pg 159-163 section 6.3].

We now specialise and consider the Dirichlet problem of Laplace’s equation in a disk in R". In particular,

a disk of radius R centered at the origin.

and its boundary by the level set

Recall the Laplacian in polar coordinates is

19

_90 .
-2 r2 02

10
2 Tra

ro

A +=2r+

on By(0)
on bdy By(0).

6.

We separate the polar coordinates of u: if Au = 0 and u = @(r)y (), then

1 1 / 1 /
vo't- o vt <oy
r r
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for all (r,0) € (0, R) X [0, 2x).
2
If we multiply this expression by (;—W, we get

/

12
rz.(p_+r.
%

<8

1)
+¥ o
v

" / "
Then r? - & 4 - £ and —"’7 are both the same constant, A, since they’re equal and one depends only on r,

® @
the other only on 6.
We end up with the separated ODE’s

o +r¢o —Ap=0

and
v + Ay =0.

Since v is the angular part of u, it’s period is 2z:
w(0 +2m) = w(0)
for all real 0. Again, y"" + Ay = 0 implies
w(0) = ae\/__w + be_\/__’w
for some a, b € C. Then periodicity implies

aeV™42T 4 pem VAT — g4 p

but also, if 4 # 0,
ae\/—_l-Zﬁ _ be—\/—_i-Zﬂ =a—b

as the derivative of y is then also 2z-periodic.

If a # 0, then
e\/—_ﬂ-Zﬂ' =1

and hence
2\ — A =2rni

for some nonzero integer n. If a = 0 and y is not zero, then b # 0 and similarly

—2x\—A=2rni

for some nonzero integer n. In any case,
A=n?

for some nonzero integer n. If A = 0 and y is not zero, then y is some nonzero constant.
The equation
P2 ¢// +r(p’ _n2¢ =0

is a Cauchy-Euler equation. If ¢(r) = r*, then

r(a(a = 1) +a—n*) =0.
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So,
a = +n.

Then @(r) = cr" + dr™" for some constants c¢,d. If n = 0, then another solution of the above equation is
log(r). But r=" and log(r) are not finite at » = O when n # 0. This is our auxiliary condition of @. If nis a
nonnegative integer and if ¢,,, c_,, € C, then

rn(c”eim‘) + c_ne—ine)

is harmonic on Bg(0), satisfies a periodic boundary condition and is finite at the origin.
Recall u = h when r?>+y*> = R%. Noting r? = r>+)?, if h is say continuously differentiable and periodic,
then it converges pointwise to its full Fourier series

h(O) = g+ ) R'(c,e™ +c_,e™),

n=1

with

2
e = 1 / " h e d
n 2717Rn 0

for any integer n.
Hence,

0 n 2r 2r
— r —ing inf ing —inf
M—E%W<A napedge + | retage >

1 2
+2— h(¢p)d¢p
T Jo
is harmonic on B(0), is finite at the origin, and u = A when r = R.
Now,
0 p 2r ) ) 2 ) )
Z / h(¢)e—1n¢d¢em0 + / h(¢)emd)d¢e—m9
=/ 27R" \ Jo 0
n=1
1 2 o e
_ h I (oin0=0) 4 o=in0=-d)) g,
%A m;m@ e )d¢
‘We notice

& i0-p)\ " it -i0-$)\"
2 re and 2 re
R R
n=1 n=1

are each convergent geometric series in Bg(0). The fact that these series are geometric also justifies why, by
the comparison test and integral convergence theorem for series of functions (compare [Strauss, *92 pg 388
in the r¥ix]), we can commute the series and integral of the first computation in this slide.

These geometric series telescope to

1oiO—) )
——— and ———
R — rei@=9) R — re=i(0-9)
respectively. And
re!0=9) re~i0-9) Rre'@=9) — 2 4 Rre™10-9) — 2

R — rei0=9) - R —re=i0=$) ~ R2 — Rre~i(0-$) — Rrei0-) 4 12
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_ 2Rrcos(0 —¢) —2r?
" R2—2Rrcos(6 — ¢) + 12’

So,

— 2_ 2
+y ” (0= 4 (min0=9)) R —r '
~ R" R2 —2Rrcos(0 — ¢p) + r?

Hence,

u(r, ) = EE=) / ” h(¢)
T 2n o R2—2Rrcos(@—¢)+r2 =

This is Poisson’s Formula.
If you wish, we may rewrite this as a line integral over the curve C = bdy Bz(0) = {r> + y*> = R?}.
Recall the line integral of a complex-valued function f over C is defined as

b
/Cf(X)dS(X)=/ F&x@)IX (0ldt

if x : [a,b] — C is any bijection. In our case, X : [0,27) — C is, say, X(¢p) = (Rcos(¢), Rsin(¢)) if
¢ € [0,2x). This is just the polar coordinate parametrization of the curve C. Then

X'l =R and  h(¢) = ux()).

The law of cosines implies
|z — x(¢)|* = R* + r* — 2Rrcos(6 — ¢)

if z = (r, 0) in polar coordinates.

Hence, ,
(R =1z [* Ru(x(¢))
“WET0R Sy —xe?
(R —z]Y) u(x)
~ 2zR c |Z—x|2dS(X)'

This immediately gives the Mean Value Property:

The value of a harmonic function at the center of a disk is equal to its average on the circumference of
that disk.

Suppose u is harmonic on a disk D = Bpy(z,) and continuous on D. Make a change of coordinates
T(z) = z + z, as a map from the plane to itself. Define &i = uoT. Then i is harmonic on T-'(D)=B r(0)
continuous on Bg(0), and Poisson’s Formula gives

2 ~
(0) = R—/ &Xz)ds(x) = L/ a(x)ds(x).
27R Jody By X 27R Jody B (0)

Finally,

1
u(zy) = 7R /deD u(x)ds(x)

by substitution.
The mean value property implies

33



Theorem 4.3. The Strong Maximum Principle

If u is harmonic on a connected, open, and bounded set D in the plane, and continuous on 5, then either
u is constant on D or its maximum and minimum only occur on bdy D.

For a proof, gnce u is continuous on the closed and bounded set 5, the maximum of u, say M, occurs
at some point in D, say z,,. Suppose in fact z,, € D. Since D is open, there is some disk Bg(z,,) € D. By
the mean value property,

M=u(ZM)=L/ u ds<M.
27R Jody Bz,

That is, the average of u on the circle bdy Bg(z,,) is M. Since this is the maximum of u, it follows
u(z) = M for all z € bdy Br(z,,).

We can apply the mean value property for any r < R. Therefore, u(z) = M for all z € Bg(z,,).

Since D is open and connected in R", it’s path-connected, meaning every two points in D are the end-
points of a curve contained entirely in D. Consider any other point in D, say z,. There exists a curve from
Z,, to z; contained in D. Cover the curve with overlapping disks whose closures are contained in D. Then
we can apply the mean value property along the curve to conclude u(zy) = M.

That is, if u = M somewhere in D, then u = M on D. Otherwise, of course, if the maximum nor the
minimum isn’t attained in D, then continuity implies the extrema occur on the boundary.
|
If u is harmonic on an open set D in the plane, then u is smooth on D. That is, every partial derivative
of any order of u exists and is continuous on D.

Ifz, € D, then after a suitable translation, we may assume z is contained in a disk centered at the origin,
with say radius R, whose closure is contained in D. Hence,

(R — |z u(x)

= d
u(z) 2zR c lz—x|? sx)

u(x)
. |z=x|> . . . . .
So, at, say, z;,, we may differentiate under the integral sign and conclude u is smooth at z,. Since translations

are smooth, and compositions of smooth functions are smooth, the original function is smooth at z,. Since
zy € D is arbitrary, we conclude u is smooth on D.

for all z in this disk. Certainly is differentiable with respect to z to all orders away from the boundary, C.

If you wish, please read and follow chapter 6.4 in Strauss’s text called Circles, Wedges, and Annuli.
These special geometries determine the boundary conditions for Laplace’s equation and hence the behavior
of the harmonic functions found there. Refer if you wish to Viktor Grigoryan’s lecture notes on the same
topic, posted on Canvas in this same module.

S Green’s Functions
Green’s Functions For the remainder of this week and next week, we’ll be studying Green’s functions, the

existence of which for a given domain is equivalent to the existence of a harmonic function there. Content
is found in [Strauss, 92 ch 7.1-7.3].
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First, we introduce some notation and some preliminary results. Think of working in R?, but really these
computations will work in R”. A real-valued function whose partials are continuous on a open subset of R>
has gradient

grad f = Vf = (£, [y, 1)

A vector field, F = (F), F,, F;), on R?, which is a map from an open subset of R? to R?, whose coordinate
functions are continuously differentiable has divergence

divF =V -F = (F), +(F),+ (F),.
Then, of course, A f = div grad f and we also use the notation
IV = [+ 12+ 17,

the norm of the gradient of f squared.
We’ll diverge from the notation in the text slightly and write

/fdz
D

for the integral of the real-valued function f over the region D C R* with the Euclidean volume element dz.

We’ll write
/ hdS
Ky

to mean the integral of the real-valued function A, defined on the surface .S C R3 with area element d.S.
Hopefully it’ll be clear from context what we’re integrating over.

A connection between integrating over volumes and surfaces is given by the Divergence Theorem. If
D is bounded, open, whose boundary is, say, given by a level set of a continuously differentaible function of
three variables whose gradient never vanishes, if F is a vector field with coordinate functions continuously

differentiable, then
/diVFdz:/ F-ndsS.
D bdy D

with n the outward pointing unit normal of bdy D. If you wish, here’s a proof for some fairly general regions
D: http://www.math.ncku.edu.tw/ rchen/Advanced%20Calculus/divergence%20theorem.pdf

But the divergence theorem is also a particular case of [Stokes’ Theorem| for differential forms. In any
case, every integral identity for us is essentially a consequence of the divergence theorem.

5.1 Green’s First Identity

Theorem 5.1. Green’s First Identity

If v has continuous first partials and u has continuous second partials on D, then

/ vVu-ndS:/Vu-Vudz+/vAudz.
bdy D D D

We have, for a function f and a vector field F, div(fF) = Vf - F + f divF, so that

div(vVu) = Vv - Vu + vAu.
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Then by the divergence theorem,

/ vVu-ndS = / div(vVu)dz.
bdy D D

Theorem 5.2. Mean Value Property

The average value of a harmonic function over a sphere equals its value at the center.

A sphere, S, in R? centered at the origin with radius a are solutions of the level set |z| = a. If D = {z €
R? | |z] < a}, then S = bdy D. Now, the outward unit normal of .S is n = § if a = |z|. If you wish, n is the

normalized gradient of the function |z|?. Then Vu - n = u, by the Chain Rule, with u, the partial derivative
of u with respect to the spherical coordinate r.
We use Green’s First Identity with # harmonic and v = 1 to obtain

/ udS =0.
s

In spherical coordinates, this integral becomes

2 T
/ / u,(a, 0, p)a* sin pdpdd = 0.
0 0

Hence,
2 y4
/ u.(a,0,¢)sinpdpdo = 0.
0 0

This is in fact true for any r < a, and we can again differentiate under the integral sign and conclude

2
4ﬂ o </ / u(r, 0, ¢)s1n¢d¢d9>

forall r < a.
Hence,

2 V4 2r T
/ u(a, 0, p)sin pdpdo = i / / u(r, 0, ¢)sin pdpdo
o Jo az Jo Jo

for any r < a.
Now,

2n
lim - / / u(r, 8, §) sin pdpd6 = u(0)

from the continuity of u. Finally,

;/udS=u(O).
Area(sS) Jg

We now have
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Theorem 5.3. The maximum principle

Any nonconstant harmonic function on a connected, open set only attains its extrema on the boundary.
The proof is the same as in the R” case now that we have the mean value property.

5.2 Dirichlet’s Principle

Dirichlet’s Principle We define a certain energy functional on an open, bounded set D:

E@»:%/WVWPM
D

for all continuously differentiable functions w.

Theorem 5.4. If u is the unique harmonic function on D such that u = 4 on bdy D, then for all w, continu-
ously differentiable, with w = A on bdy D, then

E@) < E(w).

Fix such a w. Write v = u — w. Then w = u — v and |Vw|? = |Vu|?> —2Vu - Vv + |Vv|?. So that

E(w) = E(u) — / Vv - Vudz + E(v).
D

/ UVu'ndS=/VU~Vudz+/vAudz.
bdy D D D

Since v = 0 on bdy D and u is harmonic on D, it follows

Again we recall

E()+ E(v) = E(w).

Since E(v) > 0, it follows
E() < E(w).

5.3 Green’s Second Identity

Theorem 5.5. Green’s Second Identity

If u and v both have continuous second partials, then

/(uAU—UAu)de/ uVv-n—ovVu-n)dsS.
D bdy D

We write Green’s First Identity twice

/ qu-ndSz/Vu-Vvdz+/uAvdz,
bdy D D D
/ vVu-ndS:/Vv-Vudz+/vAudz,
bdy D D D
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Theorem 5.6. Representation Formula

If u is harmonic on D C IR3, then

u(zo)zL/ —uV< ! >~n+ ! Vu - nd S(x)
47 Jody D Ix — 2o Ix — 2o

for all z, € D.

Fix € > 0. And let D, = D\ B,(z).

wlog, let z, be the origin, then v = —1/(4zr) = 1

4r|x—2zy|

is a fundamental solution of Laplace’s equation.

In particular, v is harmonic on R3 \{0}. Then, with Green’s second identity on D, with u and v, it follows
—/ @v{d/r) - mn—=1/r)Vu-n)dS = 0.
bdy D,

But bdy D, = bdy D Ubdy B,(0). And the outward pointing unit normal of bdy D, along bdy B, (0) is in
fact —z/ €, and again Vu - (—z/ €) = —u, by the Chain Rule. Hence,

—/ @wva/r)-n—1/r)Vu-n)dS
bdy D,
=—/ wvVQa/r) -n—=(1/r)Vu-n)dS
bdy D

+ / (u(1/r), — (A /r)u,) dS.
bdy B, (0)

It remains to show

/ (u(1/r), = (1/r)u,) dS — —4zu(0)
bdy B,(0)

ase — 0.
On r = ¢, which is bdy B,(0), (1/r), = —(1/ €2). Hence,

—/ (u(1/r), = (1/P)u,) dS
bdy B.(0)

= iz udsS + l'/ u.dsS
€7 Jbdy B,(0) € Jbdy B, (0)

=4dru+4reu,.
Here, u is the average of u on bdy B, (0). Similarly with u,. Again, since u is continuous, it follows
4ru — u(0)

as € — 0. Since u,. is bounded, it follows 47 e u, — 0 as € — 0. The result follows.
The analogous result in R” is obtained by replacing with log |x — z,|, the sign, and 4z with 2z. If

1
. . [x—z|
D C R", u is harmonic on D, then

u(zy) = L/ uVlog|x —zy| -n —log |x — zy|Vu - nd S(x).
2z bdy D
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5.4 Green’s Functions

Definition 5.7. The Green’s Function for the operator —A and domain D at the point z;, € D, is a function
on D such that

1. G(z,z,) has continuous second partials with respect to z and AG = 0 in D with respect to z except at
z,.

2. G(z,z5) = 0 when z € bdy D.

3. G(z,zy) + ﬁ is finite as z — Z;, has continuous second partials in D, and is harmonic in D.
T|2—1

Theorem 5.8. If G is the Green’s function for D, —A and z; € D, then
u(zy) = / u(z)VG(z,zy) - nd S(z)
bdy D

is the solution of Dirichlet’s problem for harmonic functions on D.

Recall the representation formula
u(zy) = / (uVv-n—ovVu-n)dS
bdy D

with v(z) = —(4r|z — zol)‘l. Define H(z) = G(z,z,) — v(z). Then by item 3 above, H is harmonic in D.
Green’s second identity then states

0=/ WVH -n— HVu-n)dS.
bdy D
Since H + v = G, and G = 0 on bdy D, it follows
u(zy) = / w(z)VG(z,zy) - ndS(z).
bdy D

The first two theorems show finding the Green’s function for a domain is equivalent to solving the Dirich-
let problem for harmonic functions on that domain. Soon we will make this a bit more precise.

Theorem 5.9. The existence of solutions of Dirichlet’s problem for harmonic functions imply the existence
of Green’s functions.

Suppose z;, € D, u is the unique solution of the Dirichlet problem

Au=20 onD
u(x) = 4E|X1 o~ for all x € bdy D
—40
If we define !
G(z, = -
(2,29) = u(z) 4r|z — z,|

for all z # z, € D, then since —

pE—— is a fundamental solution solution of the Laplacian, then G is
—40

certainly a Green’s function of —A on D for z, € D.
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Theorem 5.10. Symmetry of the Green’s function

If D is any region with Green’s function G,
G(z,29) = G(zy,2)

forall z # z, € D.
Suppose a,b € D and are distinct. Fix € > 0. This time, define
D, =D\ <B£(a) U Bé(b)> .

Then
bdy D, = bdy D U bdy B,(a) U bdy B, (b).

Then by the first item of the Green’s function, if u(z) = G(z,a) and v(z) = G(z,b), then u and v are both

harmonic in D,. By item 2, u = v = 0 on bdy D.
Green’s second identity on D, is

/ (uAv — vAu)dz = / @wVv-n—-ovVu-n)dS + A, + B,
D, D
with
A6=/ (uVv-n—ovVu-n)dS
bdy B, (a)

and
B£=/ wVv-n—-ovVu-n)dsS.
bdy B, (b)

By our considerations, the first two terms in Green’s identity vanish. So,
A, + B, =0.

Again define H(z) = G(z,a) + (4z|z —a|)~' and r = |z — a|. Then,

So,

AE=/ ((H—L)an—uv(H—L).n)dS.
bdy B, (a) Axr 4xr

In spherical coordinates, this integral is

[ (=) o= 21) ) s

Again, on bdy B,(a), r = € and Vf - n = — f, for any function f on bdy D, along bdy B, (a).

Since H, H, are continuous from item 3, and v, v, are continuous near a by item 1, it follows, as ¢ — 0,
every term in A, but the last vanishes because of the £ factor from the Jacobian. Again, (1/r), = —1/ €2 if

r=c¢.So,

lim A, = lim ! / vd S = v(a).
£—0 e—0 45 £2 bdy B, (a)
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Again define H(z) = G(z,b) + (4x|z —b|)~! and r = |z — b|. Then,

1
=H-—.
v drr

BE=/ <uv<H—L>-n—<H—L)Vu~n)dS.
bdy B, (b) Axr dxr

In spherical coordinates, this integral is

[ al=g5) (1= 5 ) smaan.

Again, on bdy B,(b), r = € and V f - n = —f,. for any function f on bdy D, along bdy B, (b).
Since H, H, are continuous from item 3, and u, u, are continuous near b by item 1, it follows, as € — 0,

every term in B, but the second vanishes because of the &> factor from the Jacobian. Again, (1/r), = —1/ >
ifr=¢.So,

lim B, = —lim ! / udS = —u(b).

e=0 =047 €2 Joay B, )

Finally, since A, + B, = 0 and since € > 0 is arbitrary, it follows
v(a) —u(b) = 0.
That is,
G(a,b) = G(b,a).

Since a # b € D are arbitrary, the theorem follows.

__ This theorem means we can think of Green’s function as a continuous function on DxD \{(x,x) | x €
D}, with G(zy,z) = G(z,z5) ifz, € D,z € D, 7, # z.

Theorem 5.11. If 4 is continuous on bdy D and if G is the Green’s function for D, —A and z, € D, and is
smooth on D X D\ {(x,x) | x € D}, then

u(zy) = / h(x)VG(X,zp) - nd.S(x)
bdy D

has the properties Au = 0in D and u = h on bdy D.

Fix x € bdy D and z, € D. Then VG(X, z;) is continuous at (X, z;) and harmonic with respect to z,
since G(x,zy) = G(z,,Xx). Hence, since A is also continuous, we differentiate under the integral sign and
conclude u is harmonic on D.

It takes a bit more work to prove lisz_,X u(zy) = h(x). With a similar amount of effort, one can also
prove that a Green’s function exists for a given domain and is smooth like in the above hypothesis. Therefore,
showing the existence of the Green’s functions is equivalent to solving the Dirichlet problem for harmonic
functions.
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5.5 Green’s function on the upper half-space

Green’s function on the upper half-space

The function —

p— actually satisfies items 1 and 3 of the Green’s function’s properties. We just need
—£0

to modify it so that G = 0 on bdy D. Consider D = {(x,y, z) € R | z > 0}, the upper half-space. Then D is
open and bdy D = {z = 0}. What we do is move the singularity of the fundamental solution away from the
domain while still trying to impose item 2. If z = (x, y, z), define z = (x, y, —z), akin to complex conjugation,
but is just reflection about bdy D. In particular, z and z are the same distance from bdy D, namely, |z|. This
implies, if z € bdy D, then

12— 2] = |2~ 7).
Recall |z — zol2 =(x— xo)2 + (- yo)2 +(z— Zo)z-

Notice if z € D, then z ¢ D. Hence, by translation invariance, the function is harmonic on D as

4r|z—120]
long as z, € D as well. Moreover, the linearity of the Laplacian implies

1 1
G(z,z) = — —
(2 2) dr|z — 29| 47|z — 1z

satisfies items 1 and 3 of the Green’s function. If z € bdy D, then
G(Z, Zo) =0.

That is, G is the Green’s function on the upper half-space D.
Now notice on bdy D, n = —e;. Then

zZ+z zZ—2Z Z,
VG-nz—Gzz—< 0 0 )— 0

dr|lz — 793 4zlz —z4]3 27|z — 7|3

on bdy D. In general, recall
u(zy) = / wz)VG(z,zy) - nd S(z)
bdy D

for u the solution of Laplace’s Dirichlet problem on D. Therefore, if Au =0on D = {z >0} andu = hon
bdy D = {z = 0}, then
o =32 [ asw,
27 Jiz=0) IX = 20
a type of Poisson’s formula for harmonic functions on the upper half-space.
Indeed, the formula

u(zy) = / u(z)VG(z,zy) - nd S(z)
bdy D
is essentially Possion’s formula for an arbitrary domain, and in R” one can show this reduces to Possion’s

formula for harmonic functions on a disk. On a sphere in [R3, the formula takes a similar form, and is left to
a reference. Say, [Strauss, '92 pg 193-195].
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6 Distributions

Distributions We now introduce a notion of weak solution.
From [Strauss, *92 ch 12]
Definition 6.1.

e A test function is a real-valued function, defined on R"”, C® (smooth, all derivatives exist and are
continuous), and which vanishes outside of some bounded set. Denote the space of all such functions
D. D is a vector space over R.

o A distribution, f is a real-valued map ¢ — (f, ¢) defined on D with the following properties.

1. Linearity (f,a¢ + by) = a(f,d) + b(f,y) forall a,b € R and ¢,y € D.

2. continuity If ¢, is a sequence of maps in D, vanishing outside of a common interval, and this
sequence and all of their derivatives converge uniformly to ¢ and its derivatives, respectively,

then (f,¢,) = (f,¢) asn — .

We denote the space of all distributions by D’ and note that D’ is also a vector space, a kind of dual
space of D.

Example 6.2.
e We define the Dirac delta function, 5, as the distribution

(6, 9) = ¢(0).

e If f is a locally integrable function on R”, meaning f x J < oo for any K closed and bounded, then
define

(f.¢) = / [
Rn
f itself is a distribution.
If ¢ is any test function, we define, for any x € R”,

T, p() =px+y) and  G(x) = P(-x).

If f is any distribution, we define the translation by x and reflection about the origin of f by

(o fo®) = (f. 1) and (f,d)=(/.P).
We define the convolution of f with ¢ by

[ d(x) = (f, 7. )

for all x € R”. It can be shown f * ¢ is a smooth function on R" .

For example, if f is locally integrable on R", then
frox= | f0rd0dy= [ fOI$(x=ydy.
R" R"

There’s a useful topology on D’.
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Definition 6.3. We say a sequence of distributions f, converges weakly to f € D’ as n — oo if, for any test

function ¢p € D,
(fus ) = (f, )

asn — 0.

For example, recall the Nth term of the Fourier series of ¢ on [—z, 7].

N T
Sxw=2= Y [ ey e
n=—N 7%

L[ S in(x—y)
- mx—yd'
zﬂ/_ﬂd)(y)_z e y
n=—N

N

If ¢ is a test function which vanishes outside of (-, ) and Ky (x) = an_

kernel), then the pointwise convergence theorem of Fourier series implies

. / S)Ky(x — ydy = $(x)
T JR

as N — oo.
We note

1
2. / d(x = »Kydy = p(x)
T JRr
as N — oo for all x € (—x, 7). Then this states
Ky * ¢p(x) = 2np(x)

as N — oo. Rather,

(r_ Ky, $) = 27(x)

as N — oco. That is, _
_ Ky = 2r71_ 0

weakly as N — oo. In particular, Ky, — 276 weakly as N — oo.
We define the derivative, f', of a distribution, f, as

S ) =~(f. 4"

v € (called the Dirichlet

for any test function ¢, akin to integration by parts. We define partial differentiation in the same way.

For example,

Af.9)=(f.Ad)

for any distribution f and any test function ¢. Notice if f is twice differentiable, this is *Green’s second
identity’ on R". The boundary terms vanish because ¢ is a test function and in particular vanishes outside

of some bounded set.
From your homework, you showed

[ L Apmdx = ¢(0)

r3 4rr
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if ¢ is a test function on R3.

This means !
R
4rxr
as distributions on R> .
You also proved in your homework that the solution of

Au=finD and wu=0on bdyD
is
u(xy) = / Gy, (x)f (x)dx
D

if Gy, (x) = G(x,X)) is the Green’s function on D. Now

(T_Xoé, u) = u(Xq).

Also,
/ Gy, (¥)/ (X)dx = (AGy,u)
D

if u is also a test function which vanishes outside of D.
Hence,
AG, =1

Xo —Xo0
for test functions which vanish outside of D. Also, G, is a function and

G, =0

X0

on bdy D.

Green’s function is the unique distribution which solves Poisson’s equation with a point source in D and
with homogeneous Dirichlet boundary conditions.

We can now see why finding Green’s function is equivalent to solving the Dirichlet problem for classical
harmonic maps. But now we’ve shifted the work to showing these weak solutions are in fact smooth functions.
However, our fundamental solution is explicit.

In your homework you show 6 % f = f for test functions on R>. So that if we define N = —# as a
distribution and
u=N % f,

then
Au=ANx f=6=f=f.

That is, u solves Possion’s problem with source f. Hence, the main issue is what happens on the boundary.
As a note, one can show (f * @) = f' xp= f = ¢'.
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Last time, we showed the Green’s function G on a domain D is the unique distribution solving the fol-
lowing Poisson’s homogeneous Dirichlet boundary value problem.

AG, =76 inD
G=0 on bdy D.

We can also ask similar questions about the wave and heat equations. For example, let’s try to solve the
problem

S, =kS,, in Rx(0,00) and S =35on Rx{0}.

First, we need a lemma.
From [Strauss, *92 3.5].

Lemma 6.4. If S'(x) = ;\/_ e /% then

Akt
=~
T_S" > 1_6

weakly as t — 0*.

Remember, since r_xﬁb:?(y) = :S\’;(y —x) = S(x — y), we must show

/R P(x — S’ (Ydy = /R ()7_ ST ()dy — P(x)

ast — 0T for every test function ¢ € D.
Notice 7_,.S?(0) = S’(x). So, if we define

S(x, 1) =7_.5(0),

then S solves the heat equation on R X(0, c0). (verify this) Moreover, since St = st , granting this lemma,

/ NSy, Hdy — ¢$(0)
R
as t — 0% follows. That is,

S -6

weakly as t — 0%,
Let’s prove the lemma. This is from [Strauss, *92 pg 79-80].
Remember, we must show

/[R B(x = S (Mdy = P(x)

as t — 0T for every test function ¢ € D.
Recall
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Letp = y/\/E. Then

1 © >
dx - NS Wdy=—= [ 7 /*p(x — pVkt)dp.
R \Var J -

Write

1 5
u(x,t) = —— e P *P(x — pVkt)dp.
Var J-w

You should prove (this is an exercise in Strauss and Haberman) that f /_"; 144 p = 1. One way
T
to show this is to consider the integral f f_°; f_°; P4 g xd y in polar coordinates and use Fubini’s
T

theorem.

Given this,

k0= 900 = —= [ 7 (9 (x = pha) - 4 ) ap
Véx J -
Fix x € R. Fix € > 0. The continuity of ¢ implies there is some p > 0 such that

max [p(y) — p(x)| < =.
|x—yl<p 2

Notice

t : e (p(x = Vi) = 90)) dp
eI (o (x - pVit) - 90) ) dp

e (¢ (x = pVkt) = ¢ ) dp

\/E /|p|<p/x/_

\/E /|p|>p/\/_
If w(p, x,1) = e P /4 ((;b <x - p\/ﬁ) - ¢(X)>’

L / w(p. x.0dp| < —— / e dp max [h(y) - )]
Var Jl<o/Via " Vax =yl<p

<1-&

2
And
1 / 1 —p2/4

— w(p, x,dp| < —— - 2max || e 7 4dp.
Vax Jpl>p/ Vit Vi R pl>p/Vkt

Now, since ¢ is a test function, it’s bounded and so its maximum indeed exists. If we make ¢ sufficiently
small, then we’ve made p/+/ kt sufficiently large. We show, if fR f(x)dx < o0, then

lim f(x)dx =0
N-oo |x|>N
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completing the proof.
This is the continuous analogue of saying the tail end of a series approaches zero.

Let’s assume .
/ f(x)dx = lim / f(x)dx,
R =00 —t

which is true for f(x) = e~"*/4.
Define ay = f_];fv f(x)dx. Then

/ f(x)dx| = /f(x)dx—aN -0
|x|>N R
as N — oo.
To complete the proof of the lemma, we notice
1 _2/4 e
—— - 2max || e 7 *dp < =
Az R Ipl>p/Vkt 2

if 7 is sufficiently small.
That is,

luCx,) — p(x)| <€

if ¢ is sufficiently small.

Since ¢ is an arbitrary test function, we’ve shown
/ P(x = NS'Mdy = Pp(x)
R

as t — O0F for every test function ¢ € D. That is,
T_xg‘7 - 7_,0

weakly as t — 0.
Last time, we showed the solution of

S, =kS,.in Rx(0,00) and S =35on Rx{0}

is
S(xf) = . gkt
Varkt

In particular, we showed S — § weakly as t — 0%.
We can then find a solution of

u, = ku,,, in Rx(0,00) and u=¢ on Rx{0}

if ¢ is a test function by defining
u=.Sx*¢.

Then
u, =S, *p=~kS,, *d=ku,.
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Andu —» & * ¢ = ¢ weakly as t+ — 0T. But then weak convergence of locally integrable functions to a
locally integrable function implies pointwise convergence of the sequence to the function. Hence,

u=¢
on R x{0}. If t > 0,
u(x, ) = / S(x = »POIy.
R

This is exactly the result obtained in [Strauss, *92 ch 2-3].
An absolutely integrable function f on R is one for which fR | f| < oo. Let’s turn our attention to the
Fourier transform of an absolutely integrable function f:

flo) = / f(x)e kg,
R

It turns out, if f is continuous and absolutely integrable, then

f(x) = / Flye .
R

The next few slides are from [Folland, 95 ch 0D].

First,
/ e dx =1 (6.5)
R

as proved again by using polar coordinates and Fubini’s theorem for the integrand o),
Next, we prove the Fourier transform of a Gaussian is another Gaussian. That is, if f(x) = e~ then
flky= e,

‘We write

f(k) - / e—zz'rze—Zm'xkdx — e—zz'k2 / e—zr(x+ik)2dx'
R R

Then we change variables by shifting the contour y = x + ik and use equation (6.3) to conclude the result.
Now, for any positive g, if f,(x) = e 2, then

Folk)y = a™ 127k /a (6.6)

Recall we have

flk) = / FOx)e 2 xkgx,
R

If y = a!/2x, then x = a'/2y and dx = a'/2dy. Then if f(x) = e~"", then

—rk? oz _Drivall? ~
e k :/Rf(x)e 2”’x"dx=al/2/Rfa(y)e 2riya kdy=al/2fa(al/2k).

Equation (6.6) follows.
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If f, g and fg are all continuous and absolutely integrable, then

/ [ = / fe. (6.7)
R R
By Fubini’s theorem,

[re= ] [ rwosertaxac= [ [ pioemkakgmax
R R JR R JR
- [ 7s
R

We also need the lemma from lecture 19. If f is continuous and absolutely integrable and
2.2

gg(x) — E_l e—n’s_ r ,

then
g, * f — f as € > 0 pointwise on R. (6.8)

We can now prove the

Theorem 6.9. Fourier Inversion Theorem
If f is continuous and absolutely integrable, then

f(x) = / Flkye? kxd
R

for all x € R.

Fix x € R and € > 0. Define
¢(k) — eZﬂ'ixk—ﬂez kz‘

Then
¢A>(y) — / e—2m'(y—x)ke—lrez kzdk — e—n'(x—y)z/ez =g (x—y)
R
by (6.6).
Notice ¢ f is absolutely integrable if f is, since |¢f| < | f|. Hence, by and (6.8)),

/¢f=/$f=gg*f—>fass—>0.

But also,
/ of = / 2k ER Fllydk — / Fk)e" ™ dk as & — 0.
R
That is,
f(x) = / Floe gk
R
for all x € R.

Last time, we defined, for an absolutely integrable function f, the Fourier transform of f
fl) = / fe ¥k,
R
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We showed, if f is continuous and absolutely integrable, then

f(x) = / Floe ™ dk.
R
In doing so, we showed
J’p\(k) — a—l/Ze—ﬂ'kz/a

forall k € Rif f(x) = e~ for all x € R.
We list some properties of the Fourier transform which you should verify.

Function Transform
f! 2rikf
xf )
T, o~ 2miak j‘\
p2miax f T, f
af + bg af + b8

We can also define the Fourier transform for some distributions. Not all, because the Fourier transform

. . . eV if x| < 1.
of a test function is not necessarily a test function. For example, f(x) = 0 if 1] > 1 is a test
if |x| >

function on R (verify this) but f is not (as a complex-valued function). What people usually do is expand the
space of test functions to the class of Schwartz functions. Then the dual space of the Schwartz functions is
smaller than the space of distributions and is called the space of tempered distributions. For us, all that’s
important is that locally integrable functions and the Dirac delta function 6 are tempered distributions, so
they each have a well-defined Fourier transform.

We define

6, 9) = (6,9) = $(0)

for each Schwartz function ¢. Notice

P(0) = /R P(x)dx = (1, ).

That is, the Fourier transform of § is the constant function 1. Similarly,

A, ¢)=(1,$) = /R dlk)dk = /R (k) 0dk = $(0) = (5, P).

That is, the Fourier transform of 1 is the Dirac delta function 6.
There’s another important distribution, called the Heaviside (or step) function.

Hx) 1 ifx>0
x) =
0 ifx<0.

H is locally integrable. We remark,
(H',¢)=~(H,¢") = —/ H¢' = —/ ¢ ==9I7 = ¢p(0) = (5, ¢)
R 0
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if ¢ is any test function. That is, H' = § as distributions.
What’s the Fourier transform of H? We define, for a > 0,

Le=2zax  ifx >0
fax) =4 ?

—%ez”“" ifx <0

and note that f, - H — % weakly as a - 0. Moreover, f, is absolutely integrable for all @ > 0 and

1 1

Jalk) = dra+ik)  An(ik—a)

Then

A A

A (k) ¢k 1 [ bk
(f“’¢)_/u;{+4n(a+ik)+4n(ik—a)dk 27 Jr ik dk

as a — 0. But also

T ) = (f0r ) — (H - %,c/?) = (H - %,qb)
asa — 0T,
Hence,

=4 (o5

Let’s find the solution of

S, =S8, in RX(0,)
S =56 on R x{0}.

We evaluate each side of the heat equation and the initial conditions under the Fourier transform in x. By
the first property listed in the last lecture,

S.(k,t) = —Q2rk)>S(k, 1)

on R %(0, 00). Furthermore,
Sk,0)=1

on R. For each k € R, this is an ODE.
Then
Sk, 1) = e~@mh,

This is a Gaussian, whose inverse Fourier transform, which we’ve shown, is also a Gaussian.
~ _ _ 2
f(k)=a 1/26 7k*/a

forall k € R if f(x) = e~ forall x € R. If a = - and

4zt

S(x,1) = L
Art

then
Sk, 1) = e~ @7,
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S is exactly the source function we introduced earlier. We’ve shown S — 6 weakly as t — 0. .S is smooth
on R X(0, o0) and certainly is a solution of .S, = S, .

Let’s consider Laplace’s equation on the upper-half plane with an impulse on the horizontal axis. We’ll
solve
+uy, = 0 on R X(0,)

u==~o on R x{0}.

uxx

We’ll transform the x variable, to obtain
—Qrk)* i +1,,=0
on R x(0, ) and & = 1 on R x{0}. This ODE has one solution which is bounded on R x(0, co).
a(k, y) = e 2rIkly.

Then
u(x’ y) — / e—27r|k|y62ﬂikxdk.
R

Then
0 0
u(x, y) — / eZﬂ'(ix—y)kdk + / e27z(ix+y)kdk
0 -0

1 ( 1 1 >
=5 — + -
2r \y—ix y+ix

_ y
x(r? +y2)
The prove of the fact
y
— 7 55
n(r? + y?)
weakly as y — 0% is left as an exercise.
Let’s find the solution of
S, =c%S,, in Rx(0,c0)
S=0 on R x{0}
S, =06 on R x{0}.

We evaluate each side of the wave equation and the initial conditions under the Fourier transform in x. By
the first property listed in the last lecture,

S (k.t) = —Qrck)>S(k, 1)

on R x(0, o). Furthermore,
S(k,0)=0

and
S;(k,0)=1

on R. For each k € R, this is an ODE.
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This has the unique solution

e27rickl _ e—27zickt

Sk, 1) =

1 sin(2rckt) = -
2rck drick

In lecture 21, we showed the Fourier transform of
sgn(x) = H(x) — H(-x) =2 (H(x) - %)

is |
sen(k) = —.
sgn(k) ik

Notice _ .
echkt _ e—2mckl

1 2rwickt &2 1 —2rickt 72
- k) — — k
Arick 70 senll) = mesen(k)

Even though sgn is not absolutely integrable, it’s locally integrable, and hence has Fourier transform
as a tempered distribution. Note also the table of properties of the Fourier transform also for the Fourier
transform of a tempered distribution.

Hence,

~ sgh —7_, sgn
S(k.1) = <Tct g 4Z—ct g )(k)

So, we suspect
_ sgn(x + ct) — sgn(x — ct)

S(x,1) e

for all (x,t) € R X(0, o). Indeed, we rewrite

sgn(x + ct) — sgn(x — ct) _H(x+ct)—H(x—ct) _ H(c?? —r?)
4c B 2c B 2c

if £ > 0. The last step follows from the fact ¢?#> > r? if and only if —ct < x < ctif ¢, > 0.
We check

S(x,0)=0.
And notice .
e x ifx>0
x) =
Jalx) {o ifx <0

is smooth, locally integrable, and converges weakly to H as a — 07.
/(fa),(x +c)p(x)dx = ¢ /(fa)x(x +c)p(xX)dx = c((7erf ) x P)
R R

= —c(t [ @) = —c(f s @) = —c(H, (z_,®)) = c(7.,6, $)

as a — 0. This shows (z,, f,), = c7,.,6 weakly as a — 0" (as distributions on R). Similarly,

/R(fa),(x —c)p(x)dx — —c(7_.,6, )

as a — 0*. Hence,
S, =6 on Rx{0}.
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Also,
/R (fu(x + e)p(X)dx = 2 (T f ) xxs B) = *(f s (T_ey D).

So, similarly,

/ (fDulx + chp(x)dx — (7,8, p),
R

/R(f”)"(x — c)p(x)dx = (z_., 8, ),

/ (f)xx(x + chp(x)dx = (78", p)
R

and

/ (f)xx(x = eDP(x)dx — (1_,8", )
R

as a — 0. Hence,
_ 2
S, =c°S,,.

We remark (7,¢)" = 7,¢’ if a is real and ' denotes differentiation with respect to x, which is independent
of a. Define g(x) = x + a. Then 7,¢p = ¢og. So, (7,¢)' (x) = ¢’ og(x) = ¢'(x + a) by the chain rule. Also,
7,¢'(x) = ¢'(x + a) by definition.

7 Laplace Transform

We introduce the Laplace transform, where for our purposes we transform the time variable rather than the
spatial one. If f is locally integrable on [0, o), then we define, for every s > 0,

E{f}(S)=/0 f®e™dr.

If f is also differentiable and there is some M, k > 0 such that | f(¢)] < Me ™ for all ¢ > 0, then

L{f"}(s) = sL{f}(s) = f(0)
if s > k, which can be proved with integration by parts.

Similarly, if f also is twice differentiable and there is some M, k; > 0 such that | /()] < M le‘klt for
all # > 0, then
L{f"Y(s) = s*L{f}(s) = sf(0) = f'(0)

if s > max{k, k,}.
We need one more property of the Laplace transform.
L{z_yHr_,f}(5) = e L{S}(5) (7.1)
with H the Heaviside step function.
We can now solve the wave equation on the half-line with inhomogeneous boundary data.

u, = c*u,,  on(0,00)x (0,0)

Py
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with
w0, = f@®, u(x,0)=u,x,0)=0.

We also assume u(x,t) = 0 as x = oco. Then
s2L{u}(x,s) = 2 L{u}, (x,5)

from the initial conditions.
Then

L{u}(©0,s) = L{f}(s)
implies
Liu}(x,5) = L{a}(s)e™/ + L{f — a}(s)e™/*

for some function a. Then from (7.1)),

u(x,t)=H(t—%)a(t—§>+H<t—%>(f—a)<t—%).

The uniqueness of the wave equation on the half-line actually implies a = f, so that
uen=H(1-2)r(r-2).
c ¢

Notice this function is not C? if the first and second derivatives of f do not vanish at 0. In general, u is at
best a distributional solution of this equation. The wave equation is different than the heat equation in this
sense. The singularities of the initial conditions follow the solution.

8 The Wave Equation

The Wave Equation We consider the wave equation

2
utt =c uxx
on R". The lack of boundary conditions makes this situation easier to study. Later, we will study the wave
equation in higher spatial dimensions.
The wave equation in one spatial dimension is nice because we can factor the operator.

0 0
(0, - cﬁ> <0, + Cﬁ) u=u,—c*u, =0.
If )
<0,+c—>u =,
or!
then

P
P —c—>v=0.
(1 or!

These are two first order linear pde. From the first few lectures, <6t - ca%) v = 0 implies

v = h(x+ct)
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for some C! function A.
Notice v is constant along the lines x + ¢t = [ for /; € R in the x7-plane. These lines, as in the first few
lectures are called the characteristics of the pde. Also, if x is a function of ¢, which physically corresponds
dx

to a moving observer, then %v(x(t), HN=v+ = Uxe If

dx _ _
dt
(if the observer’s velocity is —c), then from the pde v, — cv, =0,
d
— 1,1)=0.
77 VX0 1)

This means an observer moving at velocity —c will not notice any motion of the wave given by v(x+ct), which
is referred to as a traveling wave. In this case, it has speed c. Waves of the form v(x — ct) are also traveling
waves and move at speed ¢, but in the direction of increasing x. Any wave of the form v(x + ct) + v(x — ct)
is called a standing wave. (picture)

It remains to solve

u; + c%(u) = h(x + ct).

IfseR, A=(1),and Z,(s,y) = A, then Z(s,y) = (cy + s, ) is the unique solution of this ode with
Z(s,0) = (5,0). And (uoZ),(y,s) = h(2cy + s), so that

y 1 2cy+s
(uoZ)(s,y) — (uoZ)(s,0) = / hQ2cq + s)dq = Z/ h(gq)dq.
0 s

Then x = cy + s and y = t, so that (uo Z)(s,0) = g(x — ct) is some function of one variable, and

1 x+ct
u(x,t) = % / h(g)dq + g(x — ct).
x—ct

From here, if u(x,0) = ¢(x) and u,(x, 0) = y(x), then u(x, 1) = i xx_t? h(q)dq + g(x — ct) implies
P(x) = g(x)
and
w(x) = h(x) — cg(x).
Hence,

x+ct
u(e, 1) = - / V(@ + % (B0x+ e+ glx —en).

2¢ Sy

This is called d’Alembert’s formula. If y is C! and ¢ is C?, then u is a classical solution of u,, = c?u,,
with u(x,0) = ¢(x) and u,(x,0) = w(x). Notice u is constant along the lines x + ¢t = / for constant / € R
are called the characteristic lines of the above wave operator d,, — ¢20, ..

For example, if ¢ = 0 and w = sin, then

u(x,t) = 2—lc(cos(x —ct) —cos(x + ct)) = % sin(x) sin(ct).
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The last step is the sum-to-product rule. We can check this directly since O and sin are smooth. u,(x,t) =
—c sin(x) sin(ct) and u,, = —% sin(x) sin(c?). Also, u,(x, ) = sin(x) cos(ct), so that the initial conditions are
verified.

If ¢ is continuous, and y is locally integrable, then this formula still holds and the resultant function is
a weak solution of the wave equation. For example, if

H(x) = b—% if |x| < a
0 if |x| > a

and
v =0,
then
u(x,t) = %(qb(x + ct) + ¢p(x — ct))

solves the wave equation but is not C2. It’s just as regular as ¢ is though: piecewise smooth. You can check
with this ¢ that u is still a weak solution of the wave equation.
https://www.desmos.com/calculator/rlirfmzdce
Causality and Energy From d’Alembert’s formula

1 X+ct 1

u(x,t) = % / w(@)dq + 5 (P(x + ct) + dp(x — c1)),
€ Jx—ct 2

we notice u(x, ty), if ¢, > 0, only depends on ¢ and y at the points (x, f) for which

[x —xg| < c(tyg—1).

We call this cone the domain of dependence of (x,?). If (x,,0) lies on the line # = 0, then the set of all
points (x, ) for which (x, 0) is in the domain of dependence of (x, ) is called the domain of influence of
(XO, 0)

(xg, 0) is in the domain of dependence of (x, ¢) if and only if

x—xq| L ct,
| ol

another cone. (x, ¢) is in the domain of influence of (x,, 0) if and only if (x, 0) is in the domain of dependence
of (x,1).
https://www.desmos.com/calculator/zm8lrnvup9

The domain of influence of the closed interval |x — x,| < R is the frustum |x — x| < R+ ct. Therefore,
if ¢ and y vanish when |x| > R, then u vanishes when |x| > R + ct.

To note this, if [xy| > R+ ctjand |x| < R+ ct, then (x, t) is not in the domain of dependence of (x, 7).
Otherwise, |x — xg| < c(ty — £), which implies

|xg| < —ct+ |x| +cty < R+ ct,

a contradiction.

That is, the domain of dependence of a point (x, f) with |xy| > R + ct; doesn’t intersect the domain of
influence of [— R, R]. This point and this interval are not causally connected.
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If¢p=w=0o0n[—R,R]and |x| < R + ct, then u(x,1) = 0.
We define the total energy of a solution of the wave equation

Uy = C Uxx

as the sum of its kinetic and potential energy.
1 2 2 0 2
E(u) = — + 2 (w)dx.
(u) / u; +c 1 (u)“dx

Suppose u vanishes outside a bounded set. That is, suppose ¢ and y vanish outside a bounded interval. Then

iE(u) = / Uy, + czi(u)ux,dx = / Uytt, — ctuu,dx = 0.
dt R 6}"1 R

Differentiation under the integral sign is permitted if u is a classical solution of the wave equation, and the
second to last step is integration by parts keeping in mind the boundary terms vanish. Thatis, E(u) is constant
with respect to 7, and so is constant on the xz-plane. This is the conservation of energy.
Now suppose E and B are both vector fields on R*, (x,y, z, ), satisfying the Maxwell equations of
electromagnetism.
E,=cVXB

B,=—-cVXE
div(E) =0
div(B) = 0.
Here, V x F is the curl of F for any vector field on R*. For example,

VX (VX F)=V(div F) - AF,

where AF is the spatial vector Laplacian; in Cartesian coordinates, it’s the Laplacian of each coordinate
function of F.
Then since div(F) = div(B) = 0,

E,=cVXxB,=cVx(—cVxE)=c*AE

and
B, =—cV X E, =—cVx(cVxB)=c?AB.

Hence, each electric and magnetic component of the Maxwell equations satisfy the wave equation, but
this time in three spatial dimensions. We will prove that the conservation of energy and a stronger form of
the principle of causality hold in R*. Electric and magnetic signals travel exactly at speed ¢ in a vacuum.

We say a function u of four variables (x, y, z, t) satisfies the wave equation if

— 2
u, =c"Au

with Au = u,, +u,, + u,, is the Laplacian on R3 . We similarly define the energy of u by
E() = l/ ut2 + ¢2|Vu|*dxdydz.
2 R3

59



Vu is the spatial gradient of u and |Vu]| is the spatial norm of Vu.
Notice %qult2 = Vu, - Vu = div(y,Vu) — u,Au.

If u is a solution of the wave equation which vanishes as r> + y*> + z> — oo, then

—E(u) / ut, + c*Vu, - Vu = / uuty, — c2u,Au + c* div(u, Vu)
dt R3 R3

=0.

Waves in Space If u,, = ¢2Au as a function on R* and u(x,0) = ¢(x) and u,(x,0) = y(x) for x € R,

then
1
u(xp, ty) = —— ds + dsS
(xo 7o) 4ﬂc2t0/SW ato 47rczt0/¢ ]

Here, S is the boundary of the ball of center x,, with radius ct, in R* . This is called Kirchhoff’s formula.
This formula implies u(x, t5) depends on ¢ and y on the sphere

(xeR?| |x — xo| = cty}
rather than the entire ball. Conversely, if x; € R3, then ¢(xg) and y(x,) only influence u along the boundary
((x,) eR* | 1> 0,]|x — xo| = ct}

of the cone
{(x,1) € R* | 1> 0,]x — x| < ct}.

To establish Kirchhoft’s formula, we follow [Strauss, 92 pg 223-225] and use the method of spherical
means. Let u be the average of u on a spatial sphere centered at the origin.

1 1 2 T
> / u(x,t)dS = — / / u(r, @, 0,t)sin(p)d ¢ do.
drr Jix|=r 4z Jo 0

u(r,t) =

If u, = c*Au on R*, then

u, =cu, +2c -

This amounts to writing the Laplacian in spherical coordinates and using the rotational invariance of A. Then
we define

Then

but only when r > 0. v(0,7) = 0. Also, v(r,0) = ra(r) and v,(r,0) = ry(r).

Therefore,
1 ct+r a 1 ct+r _
)= — w(s)ds + — | =— d
u(r, 1) e /CH sy(s)ds 5 [2c /Ct_r sp(s) S]

v(r,t) _ @(0 N

if0<r<et.

0,1) =limu(r,t) = li
u(0,1) rgréu(r,) lim
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We compute

ct+r
%;_c . sy(s)ds = % ((ct + (et +r)+ (ct — r)y(ct — r)) .
And
ct+r
91 sa(s)ds = L <(ct + r)a(ct +r)+ (ct — r)a(ct - r))
or2c Jo_, 2c )
Hence,

_ 9= ~__1
u(0,1) = ty(ct) + att(j)(ct) = el /|x|=a w(x)dS

0 1
ot 4xc?t |x|=ct

d(x)dS.

A translation argument now implies Kirchhoff’s formula. If w(x,?) = u(x + x,,1), then w still solves the
wave equation, so we can apply the above argument to w(0, 1) = u(x,), 7).

Now consider u,, = Au in R, That is, u solves the wave equation in two spatial dimensions. Then u
solves the wave equation in three spatial dimensions. If u(x, y,0) = 0 and u,(x, y,0) = w(x, ), then

1
-/ (xS,
drest Jppq2=cp

We choose coordinates for .S by noting this integral is twice the integral over the hemisphere z = \/¢212 — r2 — 2
in R?, which is a graph over the disk

u(0,0,1) =

[, y) | P+ y* < )

in the xy-plane. So, the area element becomes
0z \? 0z ? ct?
ds = 1+<—>+ — ) dxdy = ——————dxdy.
0x <ay> Xy 22 —r2 —y? xay

u(0,0,1) = —— L 7CCS) N

2rzc 2+2<e22 A/e22 — 2 — y2

Hence,

In general, if u(x, y,0) = ¢(x, y), then

O / w (X0 Yo) dxdy
¢ o Jo — xR - - 3P
¢ (xo: %) dxdy

|l
ato 2xce D\/Czl(z)—(

x —x0)? — (v — »)?

with D = {(x,y) € R" | (x — xo)> + (y — yp)* < czté}. This formula implies u(x,, ¥y, ) depends on ¢ and
y in the disk D. Conversely, if (x(, y,) € R", then ¢(x, ¥y) and y(x,, ;) influence u in the cone

(60,0 €R 1> 0,(x = )" + (v = yo)* < ).
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https://www.mathpages.com/home/kmath242/kmath242.htm
Waves on a half line Consider the problem

u,(x,1) = c2u, (x,1) if (x,7) € (0, 00) X (0, 00)

u0,1)=0 if t € [0, )
u(x,0) = ¢p(x) if x € (0, c0)
u,(x,0) = w(x) if x € (0, 00).

We define
u(x,1) if (x,1) € [0, 00) X [0, 0)
Uoqq (X, 1) = .
—u(—x,t) if (x,1) € (—o0,0) X [0, 00)
and note that u,,, is odd in x, and is called the odd extension of u.
Moreover,
(Uog )it (X, 1) = 2 (Upgg) (6, ) if (x,1) € R X(0, 00)
(uodd)(x7 0) = (d)odd)(x) ifxeR
Wpga)i(x,0) = (W, z4)(x) ifxeR.

Therefore, from d’Alembert’s formula,

1 X+ct 1
Upga(X, 1) = % / Woua(s)ds + 3 (q’)odd(x +ct)+ Pyyg(x — ct)) .
x—ct
Then
u(x,t) = { 21_c /xx_tft w(s)ds + % (Px+ct)+p(x —ct)) ifO<ct<x

~ [ w(o)ds + 5 (@x + ety — pler = x)) i 0 < x <ect.

1—x
This last line is what we used in the previous lecture.
We now reconcile the solution we obtained for the wave equation on the half line with inhomogenous

boundary data using the Laplace transform in lecture 24. If

u,(x,1) = cZuxx(x, 1) if (x,1) € (0,00) X (0, 0)

u(0,1) = f(t) if t € (0, 00).
u(x,0) = ¢(x) if x € (0, 00)
u,(x,0) = y(x) if x € (0, ),

x+ct
d(x,t) = i / w(s)ds + % (p(x + ct) + p(x — b)),

and
k(x.t) = o /M w(s)ds + = ((x + cf) — et — X)) + f <t - 1)
’ 2¢ Jory 2 c/’

then

1) d(x,t) ifO<ct<x
u(x,t) =
k(x,t) ifO<x<ct.
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Appendix

A Linear Algebra

Definition A.1.

e The symbol € denotes membership of a set. J denotes the set with no members. Hence, for all x,
x & 0. If we write A C B for two sets A, B, we mean A is a subset of B, and if A C B, then A is either
a subset of B or A is equal to B, denoted A = B.

o The set of all subsets of a set A is denoted by P(A), the power set of A.

o If Ais aset, and for every x € A, P(x) is a statement, then we form the set
{xe A| P(x)},
which is the set of all x € A such that P(x).

e The relative complement of two sets A with respect to B, is the set
{xeA|x¢& B},
denoted by A \ B.

o If Z is a set of sets, the union of Z, denoted by U Z, is the set of members of members of Z. The
familiar notation A U B for sets A, B is then AU B = | J{A, B}.

e If Z is a set of sets, the intersection of Z, denoted (] Z, is the set of members of | ] Z which are
members of each member of Z: (| Z = {x € |JZ | forall A € Z,x € A}. The familiar notation
AN Bisthen An B =){A, B}.

e If f is a function with domain A and x € A, we write f(x), a member of its codomain, to denote
the value of f at x. A function is completely determined by a specification of its domain, codomain,
and its value at each member of its domain. Sometimes we refer to the codomain of a function f as
codomain(f), and f’s domain as domain(f).

o The set of all functions with domain A and codomain B is denoted by Fun(A, B). We sometimes write
f : A— Btomean f € Fun(A, B).

o If Aisasetand f is a function, we denote the restriction of f to A by f|4. If A is not a subset of
domain(f), then f|, is empty.

e If Aisasetand f is a function, we denote the inverse image of A under f by f~!(A). If A is disjoint
from the range of f, then f~1(A) is empty.

e If Aisasetand f is afunction, we denote the image of f under A by f(A). Forexample, f(domain(f)) =
range(f), the range of f.

e If f is an invertible function, we denote the inverse of f by f~!.
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If A is a set, we denote the identity function on A by id, : A — A defined by id4(a) = a for all
a € A.

If A, B are sets, A is a subset of B, then the inclusion of A into B is the function zﬁ : A = Bsuch
that zﬁ(a) = g for all a € A. 11is the Greek letter iota.

If A is a set and r is a set or number, define the constant r-function with domain A to be constj4 :
A — {r} by constZ(a) =rforall a € A.

The rectangular product. If j is a function, denote the set
{f € Fun (domain(j), U range(j)> | for all i € domain(y), f(i) € j(i)}

by X.

J
If j is a function and B is a subset of domain(j), define the projection of )X onto X by PjB : X - X
J Jle J Jils
such that PjB(f) = flgforall f € X.
J

Z denotes the ring of integers, N the commutative semigroup of positive integers, called the natural
numbers, N, = NU{0}, the set of nonnegative integers, R the field of real numbers, C the field of
complex numbers. We note N C Z C R € C and R and C are both vector spaces over R. The real
part of z € C is denoted R(z), and its imaginary part is denoted J(z).

< is the standard order relation on R, which makes R the linear continuum with a countable dense
subset and no maximum or minimum element, up to order-isomorphism. < means either < or = . >
is the converse of < and > is the converse of <.

Ifa,b € R and a < b, the closed interval {x € R | a < x < b} is denoted by [a, b]. The open interval,
replacing < with <, is denoted by (a, b). Unbounded intervals are formed when replacing a with —co
or b with co. The half-open intervals are written (a, b] and [a, b).

A set A is finite if A is either empty or there exists some n € N and a bijection between A and {1.n}.
The size of such a finite set is 0 if it’s empty or n.

A set A is countable if there exists a bijection between A and a subset of N.

The minimum of a set of real numbers, A if it exists, is denoted by min(A). The maximum is denoted
by max(A). If A is a finite set of real numbers, then a minimum and maximum exist.

The supremum or least upper bound of a set of real numbers, A, denoted sup A, is the unique number
which is an upper bound of A in the sense that sup A > a for all @ € A and that, if y is any upper
bound of A, then sup A < y. The infimum or greatest lower bound of a A, denoted inf A, is the
unique number which is a lower bound of A in the sense that inf A < g for all @ € A and that, if y
is any lower bound of A, then inf A > y. By construction or by assumption, the supremum of every
nonempty set of real numbers which possesses an upper bound exists. If A is not empty but does not
posses an upper bound, then we define sup A = oco. If A is not empty but does not possess a lower
bound, then we define inf A = —co. We define sup @ = —co and inf §f = co.
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If n is a natural number and X is either a set or a number for all i € [1, n] N Z, we define, recursively,

the set
{X,} if n=1
{Xl‘Xn} = ! .
(X, X,_Ju{Xx,} if n>1

If n is a natural number, j is a function with domain {1.n}, and j(i) = X, for all i € {1.n}, then we
denote X by
J

X X.xXX,.
If, forall i € {1.n}, X; = A for some set A, we denote X;| X . X X, by
A",

R" is called n-dimensional Euclidean space. An element a € A” is sometimes called an n-tuple of
members of A.

If A and B are sets, sometimes it’s convenient to write f € A X B as an ordered pair. That is, fora € A
and b € B, we define (a, b) € A X B to be the function f € A X B such that f(1) = aand f(2) = b.

Rectangular product of functions. If X isaset, n € N and g; is a function foralli € {1.n}, domaing; =
X, we define (g;.g,), a function on X, by (g;.g,)(x)(i) = g;(x) forall x € X, forall i € {1.n}. Hence,
the codomain of this function is codomain(g;) X . X codomain(g,,).

If A C X X.XxX,, then we consider A X B as asubset of X; X.x X, , X, ,; = B with the following
identification. f € AX Bifandonlyifg € X| X. XX, X Bif g € X| X.x X, with f(1)(i) = g(i)
foralli € {1.n} and f(2) = g(n + 1).

If A is a nonempty finite set of integers, V' a vector space over C and j is a function with domain A
and codomain V', we define the sum of j(A), denoted ) j(n), recursively by

neA
2 Jj(n) = j(max(A)) if A= {max(A)}
neA
> j(n) = j(max(A)) + > Jla\(max(ayy () if A\ {max(A)} # @
neA neA\{max(A)}

n
Then the familiar notation ) a;is Y, (i) if j(i) = a; for all i € {0.n}.
i=0 i€{0.n)

Exercise A.2. We have the following change of index for the sum. ¢ : B — A is a bijection between two
finite sets of integers, A, B, V' a vector space over C, j is a function with domain B and codomain V/, then

2 Jm)= Y joo(n).

meA neB

The can be proved by induction on the size of A.

Definition A.3.
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A map, L : V — W between two vector spaces over C, V' and W, is linear if, whenever a,b € R
and u,v € V, then
L(au + bv) = aL(u) + bL(v).

The kernel of a linear map, L : V' — W, is the set

ker(L)={v eV | L(v) =0}.

If V,W are vector spaces, the collection of all linear maps with domain V' and codomain W is
LYV, W).

A linear isomorphism is a injective and surjective linear map.

Exercise A.4.

If L € L(V, W) between vector spaces V', W, then L(0) = 0.

If V is a vector space over C with addition + and scalar multiplication - and A C V, then A is a
vector space with addition +|, and scalar multiplication -| 4 if and only if the images of 4|, and |,
are subsets of A. In this case, we say A is a subspace of V.

The kernel of a linear map is a subspace of its domain.

The real and imaginary parts of C", denoted R, 5, defined by R(z)(i) = R(z(i)) and J(z)(i) = F(z(i))
forallz € C",i € {1.n}, are linear maps onto R" .

The image of a linear map is a subspace of its codomain. In particular, there is a linear isomorphism
between the real part of C", R(C") and R".

If Aisasetand V is a vector space over C, then the set of all function with domain A and codomain
V, Fun(A, V), is a vector space with function addition defined by, for all f,g € Fun(A,V), f + g :
A—-V,(f+ga)= f(a)+ g(a) for all a € A, and function scalar multiplication defined by, for all
f eFun(A, V), forallre C,(rf): A= V,(rf)a)=r- f(a)forall a € A.

If V and W are vector spaces, L(V', W) is a vector space with the function addition and scalar multi-
plication.

If n is a natural number, V; is a vector space over C for all i € {1.n}, then V| X . X V,, is a vector space
over C with function addition and scalar multiplication.

Definition A.5.

(a) If V is a vector space over C, the dual space of V' is the set of all linear functionals, denoted

V* = L(V,0).

(b) If A is a set, an equivalence relation on A is a relation on A, R, which is a subset of A X A with the
properties: For all x,y,z € A,

Symmetry: If (x, y) € R, then (x,y) € R.

Reflexivity: (x,x) € R.

Transitivity: If (x,y) € Rand (3, z) € R, then (x, z) € R.

If (x,y) € R, we say x and y are equivalent.
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(c) If Aisaset, R is an equivalence relation on A, and a € A, then the equivalence class of a with respect
to R is the set of all x € A equivalent to a, denoted by [a] = {x € A | (x,a) € R}. Elements of
an equivalence class are called representatives of it. Two representatives are in the same equivalence
class if and only if they re related to each other under the equivalence relation. The set of all equivalence
classes of A with respect to R is called the quotient of A with respect to R, denoted A/ R, and is a subset
of P(A).

Exercise A.6.

(a) The dual space of a vector space is itself a vector space with function addition and function scalar mul-
tiplication.

(b) If V is a vector space and V is finite dimensional, V" and its dual V'* are isomorphic.

(c) If VV is a vector space, its double dual, V**, which is the dual of V'*, is isomorphic to V. The following
is an isomorphism. Define @ : V' — V** by ®(v)(f) = f(v),forallv € V,forall f € V*.

(d) The relation < on R is reflexive and transitive, but not symmetric.

(e) If Ais aset, the relation R on A given by (x, y) € R if and only if x = y is the only equivalence relation
which is also anti-symmetric: if (x,y) € R and (y,x) € R, then x = y.

(f) If V is a vector space and R is an equivalence relation on ¥, then the quotient V' / R is a vector space with
the following addition and scalar multiplication operators. If [x], [y] € V /R, then [x]+[y] = [x+ y]. If
[x] € V/R,and r € R, then r - [x] = [r - x]. In particular, these operators are functionson ¥V/RXV /R
and C XV /R, respectively.

(g) If W C V is a subspace of a vector space V/, then the relation on V' defined by x — y € W for all
(x,¥) € V XV is an equivalence relation. We refer to the quotient of V' with respect to this relation by
V/w.

Definition A.7. If n is a natural number, we define the standard basis on C” as follows. We define, for all
i € {l.n},
e’ eC"

such that

) = 1 if j=i
= Yo i je {Ln}\ {i}

If k € Nand k < n, identify Ckasa subspace of C", since ef.‘ = e:’l{l.k} for all i € {1.k}. Hence, we

refer to e} by e; without confusion.

Definition A.8. For each i = 1.n, define the real-valued ith coordinate function of C”, r’ by
r(x) = x(i)

for all x € C".

Exercise A.9. If k is a natural number less than or equal to a natural number #, and I C {1.n} such that I
has size k, let 1; be the inclusion of X ; into C" and P! be the projection of C" onto X ; with j(i) = C for

alli € I. Denote X; by cl.
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(a) Ci is isomorphic to C*.

(b) 1; is an injective linear map and
1 (Ch = ﬂ{ker(ri) ePC]ie{ln}\I}= (P“'"}\’)_l ({0}).

(c) PR =k,

(d) P! is a surjective linear map and

-1
PL((PON) T (o) = €.

(e) ;0P =Y rie; as functions on C".

i€l
(f) Ploi; = Y rie; as functions on C! .

iel
Definition A.10. A complex inner product on a complex vector space V' is a complex-valued function, *,
defined on V' X V/, with evaluation written with infix notation, satisfying

1. Linearity in the first argument: For any a,b € C, forany x,y,z € V,

(ax + by) x z = a(x * z) + b(y * z).

2. Conjugate Symmetry: For any x,y € V,
x*y=?¥§
If a € C, a denotes its complex conjugate.
3. Positive-definiteness: For any x € V' \ {0},

x % x> 0.

For all x € V, denote y/x % x by |x|, called the norm of x induced by *.
We say the pair (V, %) is an inner product space.

Definition A.11. If we define, for every x,y € C”,
n —
x-y =) x()y(),
i=1

it follows - is an inner product on C”, called the standard inner product on C". Two nonzero vectors, X,y
are orthogonal if x - y = 0.

Exercise A.12. The standard basis on C" form an orthonormal basis, meaning e; and e; are orthgonal if
i#jand |e;| =1foralli € {1.n}.

Exercise A.13. Suppose (V, %) is a complex inner product space.
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A real inner product is linear in the second argument. (So we say an inner product is bilinear.)

Oxx=0forallx e V.

|x| = 0if and only if x = 0.

|x % y| < |x||y| for all x, y € V. This is called the Cauchy-Schwarz inequality. |x x y| is the norm

of x % y induced by the standard inner product on C. And |x| is the norm of x induced by . Hint:

First prove this inequality when y = 0. Then if y # 0, define u = x — % - y and consider (u * u)?.

|[x + y| < |x|+ |y| for all x,y € V. This is called the triangle inequality. A norm induced by an
inner product is said to be subadditive.

Definition A.14. We suppose V is a vector space over C.
(a) A function p € Fun(V,R) is

(i) subadditive if p(x + y) < p(x) + p(y) forall x,y € V.
(i) absolutely homogeneous if p(ax) = |a|p(x) forallae C,x € V.
(iii) positive definite if, for all x € V, if p(x) = 0, then x = 0.

(b) A seminorm on V is a subadditive, absolutely homogeneous function on V.
(c) Anorm on V is a positive definite seminorm.

Exercise A.15.

(a) If (V, %) is an inner product space, then the norm induced by * is a norm on V.

(b) A norm, p, on a complex vector space V' is induced by a complex inner product if and only if
(pCx + )% + (p(x = »))* = 2(p(x))* + 2(p())°

for all x, y € V. This is called the parallelogram law. In this case, the inner product, %, inducing p, is

_ (G +9)* = (o~ y))?

X %y 1

forall x,y € V.

A.1 Tensors

Definition A.16. If V and W are vector spaces, then we define V* @ W to be the set L(V', W), if V* is the
dual spaceof V. If f e V¥, w e W,wedefine fQuw e V*Q W by f*® w() = f*(v)wforallv e V.

Definition A.17. If V' and W are vector spaces, then we define V* ® W to be the set L(V', W), if V* is the
dual spaceof V. If f e V*,w € W,wedefine fQuw e V*Q W by f*Q@w() = f*(v)ywforallve V.

Definition A.18. If » is a natural number, V', W are vector spaces over C, then L"(V, W) is the subspace of
all f € Fun(V", W) such that, forall v e V", if PY)olIi(v) = PU)(v)if j # i and PY)oli(v) = vifi = j,
then fol! € L(V,W)foralli € {1.n}.
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Theorem A.19. If V, W are vector spaces, and m,n € N, then there exists a linear isomorphism between
LY W) and L™V, LYV, W)).

Proof. We define such an isomorphism. Define ® : L™(V,L"(V,W)) — L™"(V,W) by ®(f)(V) =
FPUmyy(plm+lmtn}(y)) for all v € V" @ is linear by the definition of function addition. If ®(f) = 0,
then f = 0. So, @ is injective. If g € L™"(V, W), define f € L™(V,L"(V ,W)) by f(v)(V') = g(v"") with
PUmM @y = pand PimH1m+m (/") = /. Then ®(f) = g. Hence, ® is surjective. dJ

B Topology

Definition B.1. A set T together with a set of subsets of T, = C P(T) is called a topology on T if the
following holds.

o ,T €.
. IfUQT,thenUUGT.

e If U C 7 and U is finite, then (V" € 7.

If the pair (T, 7) is a topology and U € t, then U is called openin z, in (T, 7) or just in T if the context is
clear. If the pair (T, 7) is a topology, we call T' a topological space and sometimes refer to 7 as the topology
itself. If U is open, then T'\ U is closed. A neighborhood of x in a topological space T is a set V' such that
x € V and there exists U C V such that U isopen and x € U.

Definition B.2.

e If (X, 7)isatopology and (Y, v) is a topology, a function f : X — Y is continuous on X with respect
to 7 if, for every U € v, the pre-image f~!(U) € . Denote the set of all continuous functions with
domain X and codomain Y by C(X, Y). We denote C(X,C) = C(X) if C is the standard topology.

o A homeomorphism is a bijective continuous function between two topological spaces such that its
inverse is also continuous.

o A function between two topological spaces is open if the image of every open set in its domain is open
in its codomain.

Exercise B.3.

(a) The composition of two continuous functions is continuous.

(b) Every function whose domain is the discrete topology is continuous.
(c) There exists a continuous bijection whose inverse is not continuous.
(d) Any homeomorphism is an open function.

(e) If X, Y are topological spaces, then f € C(X,Y) if and only if, for every x € X, for any neighborhood,
V', of f(x), there is some neighborhood, U, of x such that f(U) C V.

Definition B.4.
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(a) A base of a topology (X, 7) is any B C 7 such that, if U € 7, then there is some C C B such that

v=|Jc.

(b) A subbase of a topology (X, 7) is any .S C 7 such that, if
B={ﬂF€T|F§SandFisﬁnite},

then B is a base of (X, 7).

(c) Suppose X is a set and F is a set of functions such that if f € F, then f € Fun(X, codomain(f)) with
codomain(f') some topological space. The initial topology on X with respect to F is the smallest (by
way of the subset relation) set of open sets such that each f € F is continuous. In other words, the initial
topology is the intersection of all topologies which every f € F is continuous on.

(d) Suppose X is a set and F is a set of functions such that if f € F, then f € Fun(domain(f), X) with
domain(f’) some topological space. The final topology on X with respect to F is the largest (by way
of the subset relation) set of open sets such that each f € F is continuous. In other words, the final
topology is the union of all topologies which every f € F is continuous on.

Exercise B.5.

(a) Aset B C P(X)is abase of a topology if and only if
Ue=x
and, for every B, B, € B, if x € B| N B,, there is some B; € B such that

x € B;C B NB,.

(b) A set .S is a subbase of a topology (X, 7) if and only if
T= ﬂ{rc C P(X) | (X,k)isatopology and S C k}.

In other words, the topology which contains .S as a subbase is the intersection of all topologies containing
S.

(c) (X, 7)is the initial topology with respect to a collection of functions F if and only if
{f~Y(U)e P(X)| f € Fand U C codomain(f) is open}
is a subbase of (X, 7).

(d) (X, ) is the final topology with respect to a collection of functions F if and only if U € 7 if and only if
L) is open in domain(f’) for every f € F.

Exercise B.6.

(a) If X is aset and 7 = P(X), then (X, 7) is a topology, called the discrete topology on X.

(b) If X isasetand 7 = {f, X'}, then (X, 7) is a topology, called the trivial topology on X.
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(c) Ifn e N, E C C", the standard topology on E is the topology with subbase the collection of all subsets
of the form £ N B,(x), with r > 0 and x € E, B,(x) a disk of radius r, center x, defined as the set

{ly=xl<rlyeC"}.

In fact, this collection is a base of this topology. And |y — x| is the norm induced by the standard inner
product on C" .

(d) If (X, 7) is a topological space, A C X, the subspace topology on A with respect to (X, 7) is the initial
topology on A with respect to the inclusion map zif from A into X.

e The subspace topology on A with respect to (X, 7) is the pair (A, 74), with

t4,={UNA|U €}

(e) Suppose j is a function such that its range consists of topological spaces. Then there are many topologies
with X ; its topological space.

(i) Define

B = {X eP <><> ' k(i)is openin j(i) forall i € domain(j)} .
k J
Then B is a base of a topology, called the box topology on X ;-

(ii) Define, for each i € domain(j), the projection P!/} Fun()(j,j(i)) such that PU}(f) = f(i) for
all f € X, . The initial topology on )X; with respect to { P!"l € Fun(}X;, j(i)) | i € domain(j)} is
called the product topology on X ; .

(1) Each projection defined above is open in the product topology.

(2) A base of the product topology is the collection of all sets of the form ), such that k(i) is open
in j(i) for all i € domain(j) and k(i) = j(i) for all but finitely many i € domain(j).

(iii)) The box topology contains the product topology, and the open sets coincide when the domain of j
is finite.

(iv) The standard topology on C" is the product (box) topology on C".

(v) The product topology on R” is the standard topology on C", which is the subspace topology on R”
with respect to the standard topology on C" .

Definition B.7. If (X, 7) is a topology and S C X,

e The closure of S relative to X is the smallest closed set containing .S, denoted CI (.5). Namely,

Cl1(S) = m{C € P(X)|Cisclosedand S C C}.

e The interior of S relative to X is the largest open set contained in .S denoted Int.S. Namely,

IntS = U{U e€r|Uisopenand U C S}.
e The boundary of S relative to X is bdy .S. Namely, bdy S = CI1(S) \ Int S.
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Exercise B.8. If (X, 7) is a topology and S C X, then x € bdy S if and only if, forall T € 7, if x € T, then
TNS#@Pand T\ S # 0.

Exercise B.9. If X is a topological space,

(a) And S C X, then bdy(X \ S) =bdy S.

(b) and S C X, then bdy CI(S) C bdy S, Int S is open, and CI (.S) is closed.
(c) U C X and U is open, then bdy U = bdyCl(U) and IntU = U.

(d) and C is closed, then C1(C) = C.

Definition B.10.

(a) A topological space X is separated if, for every x € X,

{x} = ﬂ {V | V is a closed neighborhood of x}.

(b) A topology (X, 7) is second countable if it has a countable base.
(c) A topological space is connected if it is not the disjoint union of two open sets.

Exercise B.11.

(a) A topological space X is separated if and only if, for every x, y € X, if x # y, then there exist neighbor-
hoods V of x and U of y such that V N U = @.

(b) If n € N, and E C C", then E with respect to the standard topology is separated and second countable.
(c) A topological space is a union of disjoint open connected sets, called its connected components.

(d) IfY is atopological space, X, U are nonempty open subsets of Y, bdy U # @, X is connected, XNU # @
and X \ U # @, then X nbdy U # 0.

Definition B.12.
(a) A sequence of a set, X, is any s € Fun(N, X).

(b) A subsequence of a sequence s of a set X is any sequence ¢ such that t = sob with b € Fun(N,N) an
increasing function in that b(m) < b(n) for all m < n.

(c) A sequence s of a topological space X converges to x € X if, for every neighborhood N or x, there
exists some M € N such that s(m) € N forallm > M.

(d) A set S in a topological space is sequentially open if, for every x € S, for every sequence s which
converges to x, there is some M € N such that s(m) € S for allm > M.

(e) A topological space is a sequential space if every sequentially open set is open.

(f) A topological space, X, is first countable if every x € X has a countable neighborhood base. A
neighborhood base of x is a collection of neighborhoods of x, 13, such that, for every neighborhood of
x, N, there is some B € B such that B C N.
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Exercise B.13.
(a) If a sequence converges to a point, then any subsequence of that sequence converges to the same point.
Theorem B.14. A first countable space is sequential.

Proof. Suppose X is a first countable space, U C X and U is sequentially open. Suppose U is not open.
That is, suppose there is some x € U such that, for every open neighborhood, V, of x, there exists some
y € V such that y ¢ U. Since X is first countable, fix a countable neighborhood base, { B(n) | n € N}, of x.
Without loss of generality, B(n + 1) C B(n) and B(n) is open for all » € N. Then, since U is not open, for
every n € N, there exists some y(n) € B(n) such that y(n) € U.If s, € Fun(N, X) is defined by s, (1) = y(n)
for all n € N, then we claim s, converges to x in X. This is because, for every neighborhood of x, V/, since
{ B(n) | n € N} is aneighborhood base of x, then there is some n € N such that B(n) C V. Hence, s,.(j) € V
for all j > nsince B(m+ 1) € B(m) and s, (m) € B(m) for all m € N. By definition, s, converges to x. This
contradicts the sequential openness of U, since x € U and U \ s,(N) = 0. 0

Exercise B.15. If X is a topological space and x € X has a countable neighborhood base,
(a) then x has a countable neighborhood base consisting of open sets.

(b) then there exists a countable neighborhood base of x, { B(n) | n € N} such that B(n + 1) C B(n) for all
n € N. Hint: Consider finite intersections of elements of the countable neighborhood base of x.

Definition B.16.

(a) If f is a function between topological vector spaces, X and Y, thenif a € X, b € Y we write
limf —b
a

if, for every sequence s of X, if s converges to a, then fos converges to b.
Exercise B.17. We suppose X and Y are topological spaces.
(a) If X is separated and s is a sequence of X such that s converges to botha € X and b € X, thena = b.

(b) If f € C(X,Y), then
lim f = f(a)

for every a € X.

(c) If X is a sequential space and lim f — f(a) for every a € X, then f € C(X,Y).
a

(d) There are some topological spaces X and Y and function f € Fun(X,Y) such that lim f — f(a) for
a
everya € X but f & C(X,Y).

Theorem B.18. If X is a set and and Y is a topological space, then Fun(X, Y) is naturally a product space,
X ;»1f j(x) =Y for every x € X. The product topology on Fun(X,Y') is called the topology of pointwise
convergence because a sequence s € Fun(N, Fun(X, Y)) converges to f € Fun(X,Y) if and only if, for
every x € X, the sequence s, defined by s (n) = s(n)(x) for every n € N, converges to f(x).
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Proof. We suppose s is a sequence of Fun(X,Y) which converges to f. We suppose x € X. We define
s, € Fun(N, Y) by s,(n) = s(n)(x) for every n € N. Fix an open neighborhood of f(x), say V. If we define

V if a=x
k(a) = )
Y if a#x,

then X « isopenin Fun(X,Y) and f € X « - Hence, since s converges to f, there exists some M € N such
that s(n) € X, forall n > M. Hence, s,.(n) = s(n)(x) € V for all n > M. Hence, s, converges to f(x).

Conversely, we suppose s, converges to f(x) for all x € X. Suppose U is open in Fun(X, Y), containing
/- Then there exists some X «» openin Fun(X,Y), containing f, such that k(a) = Y for all but finitely many
a € X.Say, klx\(4,.a,) = const’;( for some {a;.a,} € X and k(a;)isopenin Y forall i € {1.n}. Then, for all
i € {1.n}, there is some M; € N such that sa[(n) € k(a;) foralln > M;. If M = max{M, | i € {1.n}}, then,
forall x € X, P (s(n)) = s(n)(x) = s,(n) € k(x) for all n > M. Hence, s(n) € X, = N{(P*) 7 (k(x)) |
x € X} foralln > M. Hence, s converges to f. O

B.1 Compactness

Definition B.19.

(a) If X is a topological space, an open cover of X is any U" C P(X) such that, for every U € U’, U is
openand X = | U

(b) A topological space X is compact if, for every open cover U” of X, there exists ¥V C U” such that V is
finite and V is an open cover of X.

(c) A subset A of a topological space X is compact if it is compact with respect to the subspace topology
A with respect to X.

Exercise B.20.

(a) If X is compact, C C X and C is closed, then C is compact.

(b) If X is separated, C C X, and C is compact, then C is closed.

(c) There is some non separated space X and compact subset C of X such that C is not closed.

(d) There is some non separated space X and compact subset C of X such that Cl (C) is not compact.
(e) If f e C(X,Y), K C X and K is compact, then f(K) is compact.

(f) A subset, K, of a sequential space, X, is compact if and only if, for every sequence s € Fun(N, K), there
exists x € K and some subsequence s; € Fun(N, K) such that s, converges to x in X.

Theorem B.21. [Taylor, *11, Prop B.1.1] If the domain of j is finite, and j(i) is a compact sequential space
for all i € domain(j), then X ; 1s a compact sequential space.
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Proof. Let o be a bijection from {1.k} to domain(j), with k the size of domain(j). Fix a sequence s €
Fun(N, )(j). Then, for every i € {1.k}, define s5,(n) = s(n)(c(i)) for every n € N. Then s; is a sequence of
Jj(i). Hence, since j(c(1)) is compact and sequential, there exists x; € j(o(1)) and an increasing map b, such
that s, 0b, converges to x; in j(o(1)). If i € {1.k} \ {1}, then there exists x; € j(c(i)) and an increasing map
b; such that s;0B; converges to x; in j(c(i)), with B; = b; if i = 1, and B; = B;_;ob; if i > 1.

Define x € )(j by x(c(i)) = x; forall i € {1.k} and p = soB,. Then p is a subsequence of s and since
every subsequence converges to what the sequence converges to, we claim p converges to x.

Fix an open set U containing x. Fix i € domain(j). Then the sequence p; defined by p; = s,-1(;0 By
converges to x;. Then since the projection P!} is open in j(i), P!"}(U) is open in j(i) and x; € P} (U).
Moreover, there is some M; € N such that p,(n) € PUNU) forall n > M,.

Since

P (p(n)) = p(n)(i) = s(By(M)(i) = 55-1)(By(n) = p(n) € P (U),

it follows p(n) € U for all n > M. Hence, p converges to x.

B.2 Topological Vector Spaces
Definition B.22.

(a) A topological vector space is a vector space V', which is also a topological space such that addition is
continuous on V' X V' and scalar multiplication is continuous on C XV with the product topologies.

(b) A Cauchy sequence of a topological vector space V' is a sequence s of V' such that, for any neighborhood
N of 0, there exists some M € N such that s(m) — s(n) € N for all m,n > M.

(c) A topological vector space is complete if every Cauchy sequence converges to some point in the space.

(d) A Frechét space, V is a separated, complete topological vector space whose topology is generated by a
set of seminorms in the following way. The topology on V is the initial topology on V" with respect to a
set of seminorms.

There exists some set P such that, for all p € P, pis a seminorm on V. And U is open in V if and only
if, for every y € U, there exists some K € N and € > 0 such that

{(xeV |pk)(x—y) <eforallke {1.K}} CU.

(e) A Banach space is a complete topological vector space whose topology is generated by a norm in the
following way. There exists a norm, p such that U is open in V' if and only if, for every y € U, there
exists some € > 0 such that

{(xeV|px—y <e}CU.

Exercise B.23. If V' is a Frechét space, whose topology is generated by a set of seminorms P, and, for every
xeEV,peP,e>0,B,(px)={x€EV |px—y) <e},

(a) then {B.(p,x) | €>0,p € P,x € V}isasubbaseof V.
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Exercise B.24. If V' is a Banach space, whose topology is generated by a norm p, and, for every x € V,
e > 0, the open disk of radius ¢, center x is defined as

{(xeV |pkx-y <e},

denoted
B, (x),

then

(a) B.(x)isopenin V.

(b)
{Bi(x) | neN,x eV}

is a neighborhood base of x. Hence, any Banach space is first countable.

(c) asequence s of V' converges to x € V if and only if, for every € > 0, there exists M &€ N such that
p(s(n) — x) < e foreveryn > M.

(d) if n € N, C" with the standard topology is a Banach space with respect to the norm induced by the
standard inner product.
B.2.1 Uniform Convergence

Definition B.25. Suppose Y is a topological vector space, X is a set, N is a neighborhood base of Y, G is
a nonempty subset of P(X) such that (G, C) is directed (for any G, H € G, there is some K € G such that
G U H C K), and F is a vector subspace of Fun(X, Y).

(@) ForanyGe G, N e N,U(G,N) :={f € F| f(G)C N}.
(b) If V is a vector space over C, .S is a subset of V', and z € C, define the set z.S as

{zveV |ve S}

(c) S is bounded in Y if, for every neighborhood, N of 0, there is some ¢t € C such that S C tN.

Exercise B.26. Suppose Y is a topological vector space, X is a set, N is a neighborhood base of the origin
of Y, G is a nonempty subset of P(X) such that (G, C) is directed, and F is a vector subspace of Fun(X, Y).

(a) There exists a unique translation-invariant topology on F such that {U(G,N) | G € Gand N € N’}
forms a neighborhood base of the origin of F.

(b) If N} and W, are two neighborhood bases of the origin of Y, then {U(G,N) | G € Gand N € N}
and {U(G,N) | G € Gand N € N,} are both neighborhood bases of the same translation-invariant
topology on F. Thus, this topology on F generated by such a neighborhood base is called the topology
of uniform convergence on the sets in .

(c) Addition and scalar multiplication on F are continuous with respect to the topology of uniform conver-
gence on the sets in G if and only if for every G € G, for every f € F, f(G) is bounded in Y.
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Definition B.27. Suppose X is a set and Y is a Frechét space with sequence of seminorms p. Let Bdd(X, Y)
be the set of all f € Fun(X, Y) such that sup{p(n)(f(x)) eR|ne N and x € X} < 0.

Exercise B.28. If X is a set and Y is a Frechét space with sequence of seminorms p, then

(a) Bdd(X,Y) is a nonempty Frechét space with seminorm given by

Peo(f) = sup{p(m)(f(x)) ER|[neN and x € X}
for all f € Bdd(X,Y).
(b) If Y is a Banach space, then Bdd(X, Y) is a Banach space.
In either case, we say Bdd(.X, Y') has the topology of uniform convergence. This is because

(c) asequence s of BAd(X, Y) converges to f € Bdd(X, Y) if and only if, for every € > 0, for every K € N,
there exists M € N such that, for all n > M, for every x € X,

s(m)(x) € By (f(x)).
Compare Theorem[B.18] We say, if a sequence s of Bdd(X, Y) convergesto f € Bdd(X,Y), s converges
uniformly in X to f.
B.2.2 Linear Operators

Definition B.29. A bounded map between two topological vector spaces X and Y is any f € L(X,Y) such
that, if B is bounded in X, then f(B) is bounded in Y. The space of all bounded maps between X and Y is
denoted by B(X,Y). A bounded operator is a bounded map between the same topological vector spaces.

Exercise B.30. If X and Y are Banach Spaces with py, py the norm generating the topology on X, Y,
respectively, then

(a) f € B(X,Y)if and only if there exists some M > 0 such that py (f(x)) < Mpy(x) forall x € X.

(b) forall f € B(X,Y),inf{M >0 | py(f(x)) £ Mpy(x)forall x € X} exists, is contained in the set,
and is denoted p,,(f).

(©) Pop(f) =sup{py(f(x)) ER | py(x) < 1}.
(d) p,pis anormon B(X,Y).
(e) B(X,Y) is a Banach space generated by Pop-

(f) If B¥(X,Y)is the space of all bounded k-multilinear maps from X to Y, with norm Pop(f) = sup{p,,(f oI";) |
v € V",i € {1.k}} using the notation of Definition |A.18] then B*(X,Y) is a Banach space.

(g) Bdd(X,Y)n L(X,Y) C B(X,Y). In particular, p,,(f) < p,(f) forall f € Bdd(X,Y)n L(X,Y).
Exercise B.31.
(a) If X and Y are Frechét spaces, then B(X,Y) = L(X,Y)NC(X,Y).

(b) If X and Y are Frechét spaces and if X is finite dimensional, then B(X,Y) = L(X,Y).
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Exercise B.32. If n € N, K C C" and K is closed and bounded, then K is compact. Hint: Prove this first for
R using the fact that any subset of R is first countable, hence sequential. Consider any sequence of distinct
numbers in any closed and bounded interval and inductively subdivide according to where the tail of the
sequence (the image of the sequence under an infinite subset of N) lies. Then, use the completeness of R.
Next, use the fact that R? and C are homeomorphic. Finally, use Theorem m

C Functional Analysis

Definition C.1. We suppose U is an open set of a Banach space, X, Y is a Banach space, and f € Fun(U, Y).

(a) If v € X, then we define the directional derivative of f at x with respect to the direction v to be the

element . v .
fo(consty, +idg - consty) — foconsty,

lim p
0 idp

in Y, if it exists.

(b) We say f is differentiable at x € U if there exists some bounded map, A, such that

PYo(fO(const;‘] +idy;) — foconst)[‘] —A) ~
0 Dx

if py, py are the norms generating the topology on X, Y respectively. If f is differentiable at x € U for
all x € U, we say f is differentiable on U.

Exercise C.2.

(a) If a function has a directional derivative at x with respect to v, the limit is unique, denoted
0
-_— X).
an (%)

(b) If a function f is differentiable at a point x, the bounded map is unique, denoted

Df(x),
called the derivative of f at x.

(c) Sufficient condition for differentiability. We suppose X and Y are Banach spaces, U isopenin X, x € U
and f € Fun(U,Y). If %f(x) € Y for every v € X, and if we define g(v) = %f(x) forevery v € X,
then if

X

fo(const®, + const” -idy) — foconst
X X X X ¢ Bdd(X,Y)

constﬁl(
for every h € R\ {0}, then g € Bdd(X,Y). Andif g € L(X,Y) and

fo(consty + s -idy) — foconst),

N

converges uniformly in X to g for every s € Fun(N,R\{0}) which converges to 0 in R, then f is
differentiable at x € U and D f(x)(v) = % f(x)forallv € X.
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(d) If a function is differentiable at a point, then its directional derivatives exists at that point with respect to
any direction.

(e) There exists a function whose directional derivative exists at a point with respect to every direction but
the directional derivative is not linear with respect to the direction.

(f) There exists a function whose directional derivative is zero at a point with respect to every direction but
the function is not continuous.

(g) There exists a function whose directional derivative is zero at a point with respect to every direction but
the function is not differentiable at that point.

Definition C.3. We suppose U is an open set of a Banach space, X, Y is a Banach space, and f € Fun(U, Y).
(a) Wesay f € CI(U,Y) if f is differentiable on U and Df € C(U, B(X,Y)).

(b) More generally, if k € N, we define Dk £ as the derivative of D=1 £, and since £"+"(X,Y) is isomorphic
to L™(X, L"(X,Y)) forall m,n € N by Theorem[A.19} we say f € CK(U,Y)if D*f € C(U, B¥(X,Y)).
IfY =R, we say f € CKU).

(o) fC*®U,Y) = nLOooC"(U), the space of smooth functions on U to Y.

Exercise C.4. We suppose U is an open set of a Banach space, X, Y is a Banach space and k € N.
(a) CKU,Y) is a vector subspace of C*1(U,Y) with CO%(U,Y) = C(U,Y) as the base case.

(b) L(X,Y) C CKU,Y).

(c) If v € X, if the directional derivative % is defined by %( Hx) = % f(x) forall f € CKU,Y) for all
x €U, then & € L(CKU,Y),C* (U, Y).

Theorem C.5. ADD The Inverse Function Theorem.

C.1 Distributions

C.1.1 The LF Topology

Definition C.6. Suppose X is a topological space.

(a) The support of a function f : X — Cistheset Cl({x € X | f(x) # 0}) and is denoted by supp f.
Definition C.7. Suppose X is a Banach space and U is open in X. And k € NU{oo}.

(a) If K is a compact subset of U, denote by C*(K; U) the set of functions f € C¥(U) such that supp f C K.
(b) Denote by C¥(U) the subset of all f € C¥(U) such that f € C¥(K; U) for some compact K C U.
Exercise C.8. Suppose X is a Banach space and U is open in X. And k € NU{o0}.

(a) Cf(U) = J{CKK;U) | K is compact and K C U}.

Definition C.9. Suppose n € N and U is open in R" U C R".

(a)
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D
E

Measure Theory

Manifolds

Definition E.1. Manifolds.

(a)

(b)

©

(d)

(e

Suppose (X, 7) is a topology and n, k € N.

A chart on X is a pair (U, ) € 7 X Fun(U, E) with U an open set of X and ¢ a homeomorphism with
domain U and codomain some Euclidean space E such that ¢(U) is open in E. Sometimes we refer to
a chart as the homeomorphism itself rather than the pair of it with its domain.

An atlas A on X is a set of charts such that, if U = Pj{ 1 (A), the projection of .4 onto its first coordinate
(the set of open sets from A, j(1) =), then X = | U".

An n-dimensional C¥ atlas, A, on X is an atlas, such that each member charts of the atlas are compatible.
That is, A is a n-dimensional C¥ atlas on X if A is an atlas on X and, for all (U, @),(V,y) € A,
(U, @), (V,y) are compatible in the sense the codomain of ¢ and y are n-dimensional subspaces of a
Euclidean space and ¢ oyl e Ck(w (U N V), U N V).

An n-dimensional maximal C* atlas on X is an n-dimensional atlas, .A, on X such that if 3 is a C¥
atlas such that A U B is a C* atlas, then B C A.

An n-dimensional C* manifold is a separated, second countable topological space together with an n-
dimensional maximal atlas on it. Sometimes we refer to the set itself as a manifold rather than as a pair
with its maximal atlas when the context is clear. A zero dimensional manifold is any countable set or
finite together with the discrete topology.

Definition E.2. C* functions and the tangent space.

(@)

(b)

©

(d)

If (M, A) is an m-dimensional C*¥ manifold, and (N, B) is an n-dimensional C* manifold, then f €
CK(N, M) if f € Fun(N, M), is continuous, and, for all (U, @) € A, forall (V,y) € B, yofop™! €
CHo((wo /NT' V)N U), y(V)). We write C*(N,R) = CK(N).

If M is a manifold, p € M, we define the germ of C¥ functions of M at p to be the quotient of C¥K(M)
with the following equivalence relation: we say f,g € CX(M) are equivalent if there exists U C M
open such that p € U and f|; = g|;. We denote such a germ by CII)‘(M). Hence, CIIJ‘(M) is a vector
space. Moreover, there’s a vector multiplication operator defined on it, by [ f][g] = [fg]. Again, this
does not depend on the choice of representatives f,g € CK(M).

If M is a manifold, p € M and v € (CI’f(M ))*, the dual of the germ of C¥ functions of M at p, we say
v is a derivation or tangent vector of M at pif, for all [ ], [g] € C; (M),

u([f1lg)) = f(pv(gD + g fD.

Note f(p) = h(p) only if [f] = [h]. Hence, the right hand side of v([ f][g]) does not depend on the
choice of representatives.

The tangent space of a manifold M at a point p € M is the set of all tangent vectors of M at p, denoted
by T,M.
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Definition E.3. Derivatives.

(a) If (M, A) is an m-dimensional manifold and chart (U, @) € A, forall p € U, forall i € {1.m} denote

i i k eyl i .
[rfog] by XU.op € Cp (M). Usually, we write x' instead of XWU.op) when the dependence is clear from

context. x‘, like r, is a coordinate function on M.

(b) If (M, A) is an m-dimensional manifold and chart (U, @) € A, forall p € U, foralli € {1.m}, for every

LD = 2(fo o™ ep) forall [/]€ Ci(M).

. . ; 0 0
coordinate function x! , define —| by — :
) ox' |p ox! ox'|p

U.o.p
is the partial derivative with respect to x' at p.

(c) If M, N are C¥ manifolds and p € N, the derivative or differential of f € C*(N, M), Df(p), is

defined to be Df(p)(v,)[g] = v,([gof]) forall v, € T,N, for all [g] € Cji(,,)(M )-

Definition E.4. Submanifolds.
If k,m € N, (M, A) a C*¥ m-dimensional manifold and j < m, a subset S C M with the subspace

topology is a j-dimensional C* regular submanifold of M if, for all p € S, there is a chart (U, @) € A and
I C {1.m} of size j such that p € U and

Uns=(P1"\og) " ((0)nU.

‘We refer to the notation in Exercise We define the j-adapted chart of (U, ) relative to S by (UNS, @),
with
Ps = Plog luns-

The @¢ is a homeomorphism on U N .S with respect to the subspace topology on S, because it’s inverse is
(@ lun S)_IOI?. Moreover, if g = P’ o], s is another adapted chart, then

?sows)™ = Plo(@lynsoWlyns)™") oty € CXys(U NV NS), @sU NV NS))

by the chain rule. Also, by definition, ¢ (U NS is open in Rﬁ since P! ((P{l"”}\l)_1 ({0})) = Ri, which
implies
psUNS) =R np).

Hence, a j-dimensional C* regular submanifold S of a CX manifold (M, A) is a subspace topology paired
with a maximal atlas of k-adapted charts of charts on (M, .A) relative to .S. The number m — j is called the
codimension of .S relative to M. A regular submanifold of codimension 1 is called a hypersurface of M.

Example E.5.

(a) If M is a manifold and U C M is open, then U is a manifold of the same dimension with the subspace
topology. In fact, it’s a regular submanifold of M of codimension 0.

(b) R" with it’s standard topology and the maximal atlas containing the identity function idg. is an n-
dimensional C¥-manifold for all k € N. R” is called flat n-space. We denote % with respect to
p

; )
[r’](Rn’ian’p) at p by p )
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Theorem E.6. (C! remainder theorem) If M is an m-dimensional manifold, p € M, (U, ¢) a member of the
maximal atlas of M such that p € U and @(U) is an open disk in R™ centered at @(p), and [f] € C;(M ),
then

m
fly = const{/(p) + Z(rio @ —cons.t:;o vy g,
i=1
for some g; € Ck(U) such that gp) = %| ([f]) foralli € {1.m}. Here, f| is the restriction of f to U. r'
p

is the ith coordinate function on R"™, constz(‘”) is the constant function f(p) on U, and so on. The right hand
side is function addition +, Z, function subtraction, —, and function multiplication -.

Proof. From [Tu, ’11, pg 6].
We consider 4 = fo @~!. Suppose the radius of @(U) is s € R. By the Chain Rule,

m

Z hp(p)+ L0 = 000 = T 3 L (W@(p) + 1 = 9 )~ o p(p)

for all t € [0, s], for all » € @(U).
Define, for all i € {1.m},

gop () =1 / 9 p <(p(p) + 10— (p(p))) dt for all r € (U).
s Jo or s

Then, foralli € {1.m}, g, € Ck(U) by the fundamental theorem of calculus since 2 € C*(p(U)),

&)= | (1fD
X p
and ”
h(r) = f() = 3 () = o p(p)gio 0™ (1)
i=1
for all r € @(U). ]

Exercise E.7. Suppose N, M are n, m-dimensional C¥ manifolds, respectively, p € N and f € CX(N, M).

(@) T,N is a vector subspace of (Czlf(N )*.

®) 5%

© { &

(d) Df(p) € L(T,N,T;,,M).

eT,N c (CAV)) c Fun (CHN),R) foralli € {Ln).
p

d
p o ox"

} is a basis of T,N. Hint: Apply the C'! remainder theorem.
p

Definition E.8. If M, N are C* manifolds, f € CX(N, M), p € N and c € M, then
(a) pisaregular point of f if Df(p) is surjective.

(b) cis a regular value if either f~!(c) is empty or f~!(c) consists entirely of regular points of f.
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(c) f is a k-diffeomorphism if f is invertible and f~! € CK(M, N).

Exercise E.9. Suppose n,m,k € N, N, M are n, m-dimensional manifolds, respectively, m < n,c € M, and
f e CKN, M).

(a) If ¢ is a regular value of f and is a member of its range, then f~'(c) C N is an (n — m)-dimensional
regular submanifold of N. Hint: The inverse function theorem applies.

(b) If f : N - f(N)isahomeomorphism with f (V) the subspace topology with respect to M, and D f(p)
is injective for every p € N, then f(N) is an n-dimensional regular submanifold of M.

(c) The function mapping real x to x> is a bijection from R to R but not a 1-diffeomorphism.
(d) If S C N, is a submanifold, and f is a diffeomorphism, then f|¢ € C¥(.S, £(.5)) is a diffeomorphism.

Theorem E.10. If S is a submanifold of M, (U N S, @) is an j-adapted chart relative to .S, p € U N S,
n=g@g,and V =nU N S), then

D(15.3)(P)(T,S) = D~ (n(p))(R).

Proof.

Dot p)(p) < ai

x!

0 0 _
,,) ([gD = E p([gonOZS,M]) = ﬁ(gonOIS,Moqo Ne®)).

Any real-valued function f on V' can be written as gonoig 0 @~! for some real-valued function g on U N
S. O

Definition E.11. Suppose n, k € N.

(a) If N,M are manifolds and S is a subset of N, we say f € C*(S, M) if f € Fun(S, M) and there exists
open U C N and f € C¥(U, M) such that S C U and f = f|.

(b) If n € N, the upper-half space R’, is the set {x € R" | x(n) > 0}. Thus, its boundary is bdy R’, = {x €
R” | x(n) = 0} and its closure is Cl ([R’}r) ={x € R" | x(n) > 0}.

(c) A n-dimensional C¥ manifold with boundary is a separated, second countable topological space, to-
gether with a maximal C* atlas of compatible charts whose images are open in CI (R”,) , and CI (R”, )
is considered to employ the subspace topology of R" .

(d) If (M, A) is an n-dimensional C* manifold with boundary, then define the manifold interior, denoted
Intysq4 (M), to be the set of all points p € M such that there is a chart (U, ¢) € A such that p € U and
@(p) € R . The manifold boundary of M is bdyy5q (M), defined as the set of all points p € M such
that there is a chart (U, ¢) € A such that p € U and @(p) € bdy [Ri .

Exercise E.12.

(a) From [Tu, *11, Theorem 22.3]1 If U is open in R", S is a subset of R", and f : U — S is a diffeomor-
phism, then S is open in R” . Hint: The inverse function theorem applies.

(b) From [Tu, ’11, Proposition 22.4] If U, V' are open in Cl (R'J’r) and f : U — V is a diffeomorphism,
then f(UNRY) =V NnRY and f(U NnbdyR") =V nbdy R .
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Theorem E.13. If m, k € N and M is an m-dimensional C¥ manifold with boundary, then

(a) the manifold interior of M, Intyqq (M), is an m-dimensional C¥ manifold.

(b) if the manifold boundary of M, bdy,;qq (M), is not empty, then it is an hypersurface of M.
Proof.

(a) We know Inty;q4 (M) is nonempty if M is. This is because if (U, ¢) is any chart of M, then o(U), since
@ is a homeomorphism, is open in CI ([R’J:') . Hence, p(U) = W nCl ([Rf) for some open W in R™ . If
x € W nbdy R, then there is some disk D C W such that x € D and DN R # @. Hence, p(U) N R
is not empty. We can then consider ¢ | g-I(RM) A8 2 chart of Intyq (M) .

(b) If p € bdypgq (M), then there is a chart (U, @) in the atlas of M such that ¢(p) € bdy [R'f. Now
bdy R = (P{l"”}\{l""_l})_1 ({0}) using the notation of Exercise Hence,

U 0 bdyymq (M) = U 0 (PUEmNEm=116 )7 (01
by the above exercise.
O

Definition E.14. Suppose n, k € N. If Q@ C R" is bounded, open, and connected, then Q is a C¥-domain if,
for every x € bdy Q, there is a disk, D, centered at x, and a k-diffeomorphism y with domain D such that

w(DNQ)C [Ri’jr

and
w(D Nnbdy Q) C bdy [R’jr .

Lemma E.15. If kK € N, M, N are manifolds, S C N, and f € CK(S, M), then, for any T C S, the
restriction f|r € CcKT, M).

Proof. Since f € C*(S, M), there exists open U C N such that § C U and f e CKU, M) such that
f = fls-Hence, flr = flsly = flr- u

Theorem E.16. Suppose n,k € N, n > 1,and Qis a C*-domain in R”".
(a) bdy Q is a hypersurface of R" .

(b) With the subspace topology on R”, C1(Q) is a C¥ manifold with boundary, whose manifold interior is
Q and whose manifold boundary is bdy Q.

Proof.

(a) Notice bdy R? = (1>“~"}\{1-"—1})‘1 ({0}). If x € bdyQ find disk D center x and diffeomorphism
with domain D such that .
w(D nbdy Q) c (PN (10},

Such D and y exist because Q is a C¥-domain. Since y is a diffeomorphism, (D, y) is in the maximal
atlas of n flat space. And

DbdyQ c (PUM=1ey)™ (o)),
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(b)

Moreover,
DNbdyQ = D n (PIM=oy) ™ (o))
as we’ll prove in the lemma below.
Define m = min{a € R | a = x(n) for some x € CI(Q)}. Such an m exists since Cl () is closed and
bounded, hence compact, and the function r* is continuous. We consider the map ¢ = idg +const(§|2m|+1) e

Then ¢ is a diffeomorphism of Q onto an open subset of R’} . For every x € bdy €2, there exists a disk
D and an diffeomorphism y such that

w(DNCl(Q) CCI(R").

Lemma E.17.
w(DNCLQ) = w(D)NCl(R?).

Then, since y is a homeomorphism and D is open in R”, w(D n C1(Q)) is open in Cl (R:’L) with the
subspace topology.

Proof. Suppose R, Ny (D) Ny (D \ C1(Q)) # @. Then, if R’ Ny (D) is connected, by Exercise
R’ ny(D)nbdy y(D\CL(Q)) # @ follows. If R, Ny (D) is not connected, then there is some connected
component U C R" Ny (D) such that U nw (D \ C1(Q)) # §. Hence, by Exercisem Unbdyw(D\
Cl(Q)) # 0.

But this is a contradiction, since we claim y(D) Nbdy w(D \ C1(€)) C bdy R’. y € w(D)nbdy y(D \
C1(Q)) if and only if, for all open W C w(D), if y € W, then

W ny(D\Cl(Q)) # 0
and
W\ y(D\ClL(Q) #0
by Exercise if and only if, for all open V' C D, if y~!(y) € V, then
VnCl(Q)#0d

and

V\CI(Q)#0
if and only if w~!(y) € D Nnbdy C1(Q) = D nbdy Q. Hence, y € bdy R'J’r . Hence,
w(D) Nbdy (D \ CL(Q)) C bdy R .

And subsequently
Unbdyy(D\Cl(Q) =0
and
R ny (D \ Cl(Q) = 0.
Hence,

w(DNCl(Q) =w(D)NCI(RY).
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Consider = y| pnci)- Then n is ahomeomorphism of DNCI (€2) with the subspace topology of Cl1 (€2)
onto (D N CI(€)) with the subspace topology on Cl (Ri) . Now, w(D n Cl(€)) is open in Cl (Ri)
because y(DNC1 (Q)) = w(D)NCI (R:’L) and y (D) isopenin R" . Hence, 7 is a chart on C1 (Q2) . If ; and
#, are two such charts on C1(£2), such that ; = y;| D,ACIQ)> for diffeomorphisms y; € C*¥(D,, y,(D,)) if
i€ {l1,2}, then

mory ' € CX(ny(Dy N Dy N CLQ)), ny(Dy N Dy N CLEQ)))

because

-1 -1 -1 -1
nmen, =y |DlnC1(Q)° (W2|D2nc1(9)) =y |D,nc1(Q)°W2 |r,2(D2nc1(Q)) = (y 0y, )|;12(Dln1)2nc1(9))-

And the identity plus a constant composed with any diffeomorphism is again a diffeomorphism. Hence,
this described collection of charts forms an atlas, part of a maximal atlas we equip on C1(€2). And with
this atlas, the manifold boundary of Cl1 (€2) is its topological boundary bdy €2 and its manifold interior is
its topological interior Q.

F Ordinary Differential Equations

Theorem F.1. If U is an open subset of R™, V' is an open subset of R", g € C'(U,V)n B(U,V), t, € R,
and F € C1(V xR, R™), then there exists an open set J, containing #(, contained in R, and a unique solution
y e Cl(U x J,R") of

orm+l1

9 _y=Fo(y,r"1) on UxJ (F2)
y = gopilml on UXx{t}. '

Here, r+! is the projection of R”*! onto R, P{1"} is the projection of R™*! onto R™ and (y, r"*!) is a rectan-
gular product of functions whose codomain is considered a subset of ¥ xR C R"™! . Specifically,(y, r+!) =
(81> »&myy1) if g = oy fori € {1.n} and g, = r™*L.

[Taylor, *11, Theorems 2.1 - 2.2]

Proof. Fix K > 0 such that
{yeR"| |const{/ —&lcurny <K} CV.

And fix M > 0 and I C R center #; such that

sup |[F| < M.
VxI

And fix L > O such that |F(y,t) — F(y,,t)| < L|y; — y,| forallt € I, for all y;,y, € V. Such an L exists
since F € CY(V x I, R"). Hence, if we fix £ < min { %, radius of 1, % }, and define J = B,(t;) C R,

X = {u € CU X J,R") | tlyyqye) = 80P and Ju— go P | s am < K},

and

t
T(u)(x,t)=g(X)+/ F(u(x, s),s)ds,
lo
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forallu € X, (x,7) € U X J, then X is a complete metric space because it’s a closed set of the Banach space
CWU x J,R" N B(U x J,R"), range(T) € X and T is a contraction. Hence, by the contraction mapping
principle, there is a unique fixed point y € X such that T'(y) = y. Hence,

y

is the unique solution of [F.1]

88



Bibliography

[Strauss, *92] Strauss, Walter A. Partial Differential Equations: An Introduction. John Wiley & Sons,
1992.

[Haberman, ’04] Haberman, Richard. Applied Partial Differential Equations with Fourier Series and
Boundary Value Problems. 4th ed., Pearson Education Inc., 2004.

[Evans, "98] Evans, Lawrence C. Partial Differential Equations. American Mathematical Society,
1998.

[Folland, *95] Folland, Gerald B. Introduction to Partial Differential Equations. 2nd ed., Princeton
University Press, 1995.

[Rudin, *76] Rudin, Walter. Principles of Mathematical Analysis. 3rd ed., McGraw-Hill Inc., 1976.

[Taylor, *11] Taylor, Michael E. Partial Differential Equations I: Basic Theory. 2nd ed., Springer,
2011.

[Weignberger, *65] Weinberger, Hans F. A First Course in Partial Differential Equations with Com-
plex Variables and Transform Methods. Dover Publications Inc., 1965.

o [Tu, ’11] Tu, Loring W. An Introduction to Manifolds. 2nd ed., Springer, 2011.

89



	First order PDE
	Auxiliary conditions and second order equations
	Heat equation on a rectangle with Dirichlet boundary conditions
	Wave and heat equations on a rectangle with Neumann boundary conditions
	Periodic Boundary Conditions

	Fourier Series
	General Fourier Series and square integrable functions

	Laplace's Equation
	Fundamental solution
	Poisson's Formula

	Green's Functions
	Green's First Identity
	Dirichlet's Principle
	Green's Second Identity
	Green's Functions
	Green's function on the upper half-space

	Distributions
	Laplace Transform
	The Wave Equation
	Linear Algebra
	Tensors

	Topology
	Compactness
	Topological Vector Spaces
	Uniform Convergence
	Linear Operators


	Functional Analysis
	Distributions
	The LF Topology


	Measure Theory
	Manifolds
	Ordinary Differential Equations

